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GENERALIZED g-GAUSSIAN VON NEUMANN ALGEBRAS WITH 
COEFFICIENTS, I. RELATIVE STRONG SOLIDITY. 

MARIUS JUNGE AND BOGDAN UDREA 


Abstract. We define Tq{B, S 0 H), the generalized g-gaussian von Neumann algebras asso¬ 
ciated to a sequence of symmetric independent copies (iij, B, A, D) and to a subset 1 € S = 
S'* C A and, under certain assumptions, prove their strong solidity relative to B. We provide 
many examples of strongly solid generalized g-gaussian von Neumann algebras. We also obtain 
non-isomorphism and non-embedability results about some of these von Neumann algebras. 
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1. Introduction 

In this article we introduce a new class of von Neumann algebras and prove some structural 
results about them. Specifically, we introduce the generalized q-gaussian von Neumann algebras 
with coefficients associated to a sequence of symmetric independent copies (iTj, B, A, D). A 4- 
tuple {iTj, B, A, D) is called a sequence of symmetric independent copies (of A) if B,A,D are 
finite tracial von Neumann algebras such that B <Z ACiD and nj : A ^ D,j £ N\{0} are unital 
trace-preserving normal *-homomorphisms satisfying 

(1) TTjls = ids, for all j, where Eb ■ D ^ B is the conditional expectation; 

(2) = EBi7ra{ji)iai)... for all finite permutations a on 

N \ {0}, all indices ji,... ,jm in N \ {0} and all ai,..., Om in A, where Eb : D ^ B is 
the canonical trace-preserving conditional expectation; 

(3) For any subset / C N \ {0}, we denote by Ai = \J C D. Then, for any hnite 
subsets / C J C N \ {0}, j ^ J, d € Aj and a, o' £ A, we have 

EAi{TTj{a)dTTj{a')) = EAj{r:j{a)d-Kj{a')), 

where Eaj : D ^ Ai is the canonical trace-preserving conditional expectation; 

(4) for any finite subsets /, J C N \ {0}, we have EajEaj = Eaj^j- 

(5) ^N\{0} = D- 

Let — 1 < g < 1 be hxed. For H an infinite dimensional (real) Hilbert space and S a self-adjoint 
subset of A containing 1, the generalized g-gaussian von Neumann algebra M = Tq(B,S (8> H) 
with coefficients in B and associated to the symmetric copies (vr^, B, A, D) is defined as the von 
Neumann subalgebra of the ultraproduct (Fq(^^ (g) generated by the elements 

n 

Sq{a, h) = (n“2 ^ Sq{ej ®h)® TTj{a))n, a £ BSB = {61062 : bi, 62 £ H, o £ S'}, h & H. 
i=i 

Here w is a free ultrafilter on the natural numbers and Tq(£'^<SiH) is the g-gaussian von Neumann 
algebra. When H is finite dimensional, one needs to further apply a ’’closure operation” to 
Tq{B,S (g) H), which ensures that the canonical generators - the so-called ’’Wick words” - will 
remain in M (see Def.3.2 and Prop.3.14 for more details). The generators Sq{a,h) satisfy the 
following moment formula 

ri^Sqffii, hi) • • • Sqffiim hm')) — <^mS2N ^ ^ q ffil, hr')T~Dffijf {o^i) • • • , 

aGP^im) {Z,r}e(T 

where {hi,hr) is the inner product in the real Hilbert space H, P 2 {m) is the set of all pair 
partitions on {1 ,... ,m}, cr(cr) is the number of crossings of the pair partition a £ P 2 {m) and 
for every pair partition a £ P 2 {m) the m-tuple (}f ,... ,j^) is chosen such that if and 

only if {k,l} £ a. So in fact the generalized g-gaussians von Neumann algebras can roughly 
be defined as the von Neumann algebras generated by the elements Sq{a,h), a £ BSB,h £ H 
subject to the moment formula above. The main result we prove about these generalized q- 
gaussian algebras is 

Theorem 1.1. Let (iTj, B, A, D) be a sequence of symmetric independent copies, H he a finite 
dimensional Hilbert space and A <Z M = Tq[B,S (g) H) he a diffuse von Neumann subalgebra 
which is amenable relative to B inside M. For every k > t), define Dk{S) to he the following 
right B-submodule of Lfi{D): 

,._j,(vrji(a:i) • • • 'Pjffixm)) : m > l,fj £ Pi2(m), |(Ts1 = k, (ji,.. .,jm) =a,Xi £ BSB}, 

where Pi 2 {m) is the set of pair-singleton partitions on {!,... , m}, |cJs| is the numbers of single- 
tons of a and the notation (ji,... ,jm) = <7 means that jk = ji if and only if {j, k} £ a. Assume 
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that there exist constants d,C > 0 such that dimB{Dk{S)) < Cd^ for all k > 1. Then at least 
one of the following statements is true: 

(1) A -<M B, or 

( 2 ) the von Neumann algebra P = Mm {A)" generated by the normalizer of A in M is 
amenable relative to B inside M. 


T 

(see 


^eflotation A -<m B means that a corner of A embeds into B inside M, in the sense of Popa 
, Thm. 2.1). Popa and Vaes coined the phrase ’’relative strong solidity” to describe the 


situation above. Namely, a von Neumann algebra M is strongly solid relative to B, for B <Z M a 
subalgej^^^j^^^ every von Neumann subalgebra A <Z M which is amenable relative to B inside 
M (see ptlf). It is either the case that A -<m B or that MuiA)” is amenable relative to B inside 
M. When B = C, M is called Am^W^^t^q^gly solid. Strong solidity is in turn an enhancement of 
Ozawa’s concept of solidity (see Ij2;sj I U^wa called a von Neumann algebra M solid if for every 
diffuse von Neumann subalgebra A Cl M one has that A! CiM is amenable. It’s easy to see that 
a non-amenable solid factor M is automatically prime, i.e. cannot be written as M = Mi®M 2 , 
with Mi inhnite dimensional. The hrst strong sohdjty^rejults have been obtained by Ozawa 
and Popa in their ground-breaking seminal paper p9f! forNon Neumann algebras arising from 
profinite actions of free groups on amenable von Neumann algebras. These results were then 
extended to cover profinite actions of weakly arngmb|e^oups having a proper 1 -cocycle into 
some multiple of their left regular representation pOf Subsequent generalizations to the case of 
prc^nite act 
in 1111)1 and 


IS of groups having quasi-cocycles or direct products of such have been obtained 
Recently, Popa and Vaes generalized these results even further, by completely 


removing any assumpti^; 
result (see Thm. 1.6 in 


the action of t 
“and Thm. 1.4 in 


aijipup. Specifically, they proved the following 


Theorem 1.2. Let V be a weakly amenable group having either a proper 1-cocycle or a proper 1- 
quasi-cocycle into a (representation which is weakly contained into) a multiple of its left regular 
representation. Let T r\ B be any trace-preserving action of T on the finite von Neumann 
algebra B, and let A G M = B xT be a von Neumann subalgebra which is amenable relative to 
B inside M. Then either A -<m B, or Mm {A)" is amenable relative to B inside M. 


In particular, this leads to the conclusion that for B abelian diffuse and for any p.m.p. free 
ergodic action T r\ B, the von Neumann algebra M = R x P has a unique Cartan subalgebra, 
up to unitary conjugacy. Let us also mention that Popa and Vaes also obtain the uniqueness of 
Cartan subalgebra for actions T r\ B, where B is abelian diffuse and P admits an unbounded 
(rather than proper) 1 -cocycle into a mixing representation which is weakly contained into a 
multiple of the left regular representation of P. 

As a consequence of our Theorem 1.1, we find a wide range of examples of generalized q- 
gaussians which are strongly solid (when R = C or finite dimensional) or strongly solid relative 
to B, for diffuse B. The examples in the corollary below are introduced in Section 4. 


Corollary 1.3. The following von Neumann algebras are strongly solid relative to B: 

(1) B®Tq{IL), for H a finite dimensional Hilbert space; 

(2) Tq{B,S ® H) associated to the symmetric independent copies {-Kj, B, A, D) comtructed 
in the following way: take a trace preserving action a of Z on a finite von Neumann 
algebra N. Let H = {gj ; j > 0) be the Heisenberg group, take rj : H ^ Z an onto group 
homomorphism and define (3 : B r\ N by 

/3g{x) = a^(g)(a:),5r £H,x £ N. 

Let Hi = {go,gi) and take B = N y\ "L = N®L{(L), A = N xi Hi and S = {1, gi, gf^}. 
Define nj : A ^ D by 

TTjixUg^) = a.g(g.){x)ug.,Tij{xUgq) = xugq,x G N,j,k G N. 
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(3) rq(C,5 ( 8 > K) associated to the symmetric copies = C,^ = Tq^{H),D = (g) 

H)), where 7rj{sqq{h)) = Sq{ej (g) h) and K is a finite dimensional Hilbert space; 

(4) Tq{Bd-, S®H) associated to the symmetric copies (TTj, B^, Ad, Dd), where Bd = q])? 

Ad = Dd = = {ua : a e S[_d,oo)}" o.nd S = {l,U(oi)} for a fixed 

d G N \ {0}; here is the group of finite permutations on Z and for a subset F C Z, 
T,p C Tiz is the group of finite permutations on F naturally embedded into the copies 
are defined by 'Kj{a) = a G Ad; 

(5) rg(C,S' (g) H) associated to the symmetric copies {TTj,B = C,^ = L(Z),D = I^^L{Z)), 
where the j-th copy of L{Z) is generated by the Haar unitary Uj, A = {ui}'', the sym¬ 
metric copies TTj : A ^ D are defined by the relations TTj{ui) = Uj and S = 

Thus the examples in (3), (4) and (5) are strongly solid and hence solid non-amenable von 
Neumann algebras. In particular, they are prime von Neumann algebras. 

Thus the generalized ( 7 -gaussian von Neumann algebras with coefficients constitute a wholly 
new class of von Neumann algebras for which this structural property holds. Using Thm. 1.1 
we also deduce the following 

Corollary 1.4. Let Mi = TqfiBi, Si® Hi) be associated with two sequences of symmetric inde¬ 
pendent copies {iTj, Bi, Ai, Di) and two subsets Si C Ai, and —l<qi<l,i = 1,2. Assume that 
2 < dim{Hi) < 00 , dimBi{Dh{Si)) < Cdfi for fixed constants d,C > 0 and Bi are amenable, for 
i = 1,2. If Ml C M 2 , then Bi -<m 2 ^ 2 - Moreover, if Mi = M 2 = M, it follows that Bi -<m B 2 
and B 2 -<M Bi. 

This result can be regarded as an analogue of the ’’uniqueness of Cartan subalgebra” results 
in the group measure space construction setting. Note however, that even when B is abelian, 
it is not a MASA in M = Tq{B,S ® H). Indeed, B always commutes with a copy of Tq{H) 
inside M = Tq{B,S ® H), hence it can never be maximally abelian. Thus, even when Bi and 
B 2 are both abelian diffige, we cannot avail ourselves of Popa’s results about unitary conjugacy 
of Cartan subalgebras (Ij.'itij . Appendix, Thm. A.l) to conclude that Bi is unitarily conjugate 
to B 2 , so this double intertwining result is optimal in our case. Finally, we deduce some non¬ 
isomorphism and non-embedability results for generalized g-gaussians. 

Corollary 1.5. Under the assumption of Cor.l.f, if we moreover assume that 

( 1 ) Bi is finite dimensional and B 2 is amenable diffuse, or 

( 2 ) Bi is abelian and B 2 is the hyperfinite Hi factor, 

then M 2 = rq 2 (i? 2 ; S 2 ®H 2 ) cannot be realized as a von Neumann subalgebra of Mi = Tqj^{Bi, Si® 
Hi). In particular Ml and M 2 are not *-isomorphic. 

Thus, none of the examples in items (1) or (2) in Cor.1.2. above can be *-isomorphic, or even 
embed into any of the von Neumann algebras in items (3), (4) or (5) of the same corollary. 

The g-gaussian von Neumann algebras Tq(H) for H a real Hilbert space were first introduced 
by Bozejko and Speicher and further studied, among others, by Bojezko, Speichen J^upiing^ 
Ricard, Sniady, Krolak, Nou, Shlyakhtenko, Nica, Dykema, Avsec, Dabrowski IjH El El [3151 
[ 42 I l47l l48t [24l [25| [26l [27l ISl |45l [HI [U [13]. Bozejko and Speicher studied the g-gaussians 
from a variety of different perspectives: as concrete implementations of the g-anti-commutation 
relations, as examples of non-commutative brownian motions, as being canonically associated to 
certain completely positive definite functions on Coxeter groups, in particular the permutations 
group Sn and also as constituting an interpolating family between the bosonic {q = 1) and 
fermionic {q = —1) commutation relations. The study of the g-gaussian von Neumann algebras 
is hence connected to a variety of fields, from non-commutative probability theory, physics, 
operator spaces, operator algebras, etc. Likewise, the generalized g-gaussians can be thought of 
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in a number of ways. First they can be viewed as natural generalizations of the pure Hilbert 
space gaussians Tq{H), pretty much in the same way the group-measure space construction 
generalizes group von Neumann algebras. Second, they are a class of von Neumann algebras 
constructed from some generators satisfying a natural moment formula, i.e. from a certain set 
of combinatorial data. Third, they can be regarded as probabilistic objects, which additionally 
constitute an interpolating family between the well-known cases q = —1 and q = 1- Fourth, they 
are von Neumann algebras associated with a system of H-va jj^^d ^g^gm^sj^g. elements, much in 
the spirit of Schlyakhtenko’s H-valued semi-circular systems l|43j . 

When compared to pure g-gaussians, the generalized q^-gaussian von Neumann algebras with 
coefficients can be viewed as an analogue of the cross-product von Neumann algebras H x F as 
opposed to pure group von Neumann algebras T(r). Even the notation Tq{B, S 0 H) is chosen 
to suggest that the Hilbert space H (the analogue of the group) ’’acts” on the von Neumann 
algebra B. However, it should be stressed that this analogy, though fruitful, is misleading on 
several counts. First of all, the von Neumann algebra Tq{B, S 0 H) is not, in general, generated 
by B and a copy of Tq{H), and not even by B, Tq{H) and S C A. Second, the way rq{B, SiSi H) 
is generated by the Sq{x, h)’s is much more subtle and intricate than in the cross-product case, 
and the generators remain highly elusive, even after our ’’reduction procedure” described in 
Thm.3.11; consequently, the standard Hilbert space on which M acts remains highly mysterious 
itself and we cannot fully and explicitly describe it, though we obtain a partially concrete 
description of it (see Prop.3.14). Third, insofar as H can be viewed as acting on B, this ’’action” 
is always trivial, due to our definition of Tq{B, S 0 H) and to axiom (1). It is rather on D, or 
certain elements of D, that H ’’acts”. 

This paper is the first one in a series which will systematically investigate the structural 
properties of the generalized q-gaussians. In doing so, we employ a variety of high-powered 
tgds anc|,|gch^ic^u^s:^^ji£n-commmutative probability theory, specifically central limit theorems 
operator spaces and especially the Haagerup tensor product, (^ )|'th^ onal polynomials 
ll|;i4| ) ■ ranc pmj zatiy^ ig-ethj^dSjin a^non-classical probabilistic setting (l|2;if I. nohcommutative 
[ipl Iiy] ) and cniciallv. Popa’s deformation-rigidity theory. Let us mention here that 
we introduced another class of so-called generalized g-gaussian von Neumann algebras 
which were a mix of pure q-gaussians and the group measure space construction, and we proved 
some partial classification results about them. These previous q-gaussians with group action are 
not, strictly speaking, particular cases of g-gaussians arising from symmetric conins, although 
they can be realized as von Neumann subalgebras of them, see Section 4.3 in |2Uj and 4.3.1. 
in the present work. We begin by carefully introducing the objects involved, then we go on to 
prove their basic property, ^heorem 1.1 will be derived from a technical theorem much along 
the lines of Thm. 3.1 in whose statement and proof can be found in Section 7. 

Finally, a couple of words about the proof of the technica|^thQ(^e^jpr rather its particular 
case Thm. 1.1. We follow the approach of Popa and VaeS |^! 3^t]|< p] ,^^pj3:^oa(plp. which in turn is 
a development of the original ground-breaking insight in p9[ [30] . Let A C M = rq{B, S ( 8 > H) 
a diffuse von Neumamisjjbalgebra which is amenable over B. The two main ingredients of the 


proof are, just as in 


(1) The fact that the embedding A C M is weakly compact relative to B. This is the existence 
of a sequence of normal states viewed as unit vectors G Lp'iM), where Af D M 
is a suitable (in general non-tracial) von Neumann algebra, which are asymptotically 
invariant to the action of (’’the double of’) the normalizer of .A in M; the existence of 
these states is a consequence of the weak amenability (with Cowling-Haagerup constant 
1) of the pure g-gaussian von Neumann algebras Tq{H)] 

(2) The existence of a 1-parameter group of *-automorphisms (at) of a suitable dilation Af 
of Af having good properties. 
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The proof proceeds by applying the deformation at to the vectors ^n- Then either the deforma¬ 
tion significantly displaces the vectors, or it does not. The first case yields the amenability of 
P = relative to B, while the second implies that A -<m B, via the fact that the maps 

Tt (where t —)• is the canonical semi-group of ucp maps on M) are compact over B, in the 
terminology of Popa and Ozawa. EoVai 

While it’s true that conceptually we follow closely the approach of Popa and Vaes in l[39ji it 
has to be strongly emphasized that the technical difficulties of our approach are vastly larger. 
First of all, since our objects are much more elusive and complicated than cross-product von 
Neumann algebras, being defined as subalgebras of an ultraproduct to begin with, the proof of 
Theorem 5.1 (the existence of the invariant states), which is the key ingredient in the proof of 
the technical theorem, is ridden with daunting challenges. Even constructing the von Neumann 
algebras involved (e.g. M above) and particularly the spaces on which they act, seemed to be 
an almost insurmountable task. Also, proving the complete boundedness of certain maps used 
in the proof turns out to be surprisingly non-trivial and requires the use of delicate operator 
spaces techniques, particularly the Haagerup tensgr orodimt (ij^i^t^ pure Hilbert space setting, 
somewhat similar techniques have been used in pi 1261 ). Second, and just as important, 
we cannot use the reduction to the ’’trivial action case” (i.e. the tensor product case), as 
Popa and Vaes do. The reduction step plays a crucial role in their proof, because it is only in 
the tensor product setting that they are able to prove the relative weak compactness property 
and subsequently carry out the deformation-rigidity arguments. The reduction is essentially 
based on the nse of the co-multiplication in the cross-product case. Since we have no good 
substitute for the co-multiplication map, we cannot reduce to the tensor product case, and hence 
everything becomes much more complicated and technically involved, including the standard 
forms of the von Neumann algebras involved, which are in general infinite (non-tracial). We thus 
have to prove the relative compactness of the inclusion A <Z M over H in a generic situation, 
although we need the assumption that the spaces Dk{S) are finitely dimensional over B, for 
every k. It is tempting to regard this assumption as an analogue of the action T r\ B being 
profinite in the cross-product case H x T, but this would be again misleading. That’s because 
our finite dimensionality assumptions do not imply that M = Tq{B, S ^ H) is of the form 
(Un ^q{Pn-, S 0 H))", for an increasing sequence of finite dimensional subalgebras Bn C B such 
that B = {[JnPn)"- Instead, our finite dimensionality condition is rather the analogue of the 
group cocycle being proper in the case of cross-product von Neumann algebras of the form H x T, 
where T is a weakly amenable group having a non-trivial 1 -cocycle into some multiple of its left 
regular representation. 

The article contains six sections beside the introduction, and is organized as follows: Section 
2 contains some needed technical preliminaries. In Section 3 we introduce the generalized q- 
gaussian von Neumann algebras and prove their basic properties; among other things, we exhibit 
the canonical generators of Tg{B,S ( 8 ) H) (the Wick words), prove that they actually belong 
to the algebra and prove a very useful reduction result about them. Section 4 lists a rather 
wide range of examples of generalized g-gaussian von Neumann algebras constructed from a 
variety of symmetric independent copies. Some of our examples are interesting even in the case 
H = C or finite dimensional, which provide examples of strongly solid generalized g-gaussian 
von Neumann algebras. We devote Section 5 to the proof of the relative weak compactness of 
the embedding A <Z M] the second half of this section contains some technical results about 
the complete boundedness of certain multipliers used in the proof. In Section 6 we prove that 
under the assnmption of sub-exponential growth of the dimensions of the modules Dk[S) over 
B, the natural deformation bimodules used in the technical theorem are weakly contained in 
Lp'iyM) (8 >_b /C for some B — M bimodule /C, fact which will be further used in combination with 
the technical theorem to derive Thm. I.l. The proof is based on a novel and ”non-deterministic” 
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approach. Indeed, the calculations of the deformation bimodules in the g-gcms^ian setting is a 
real challenge even in the case of pure Tg{H) von Neumann algebras, see IjT], and it becomes 
even more so when we allow (^-gaussians with coefficients. Section 7 contains the proof of the 
main technical theorem and its applications. Beside many examples of strongly solid generalized 
g-gaussian von Neumann algebras, we also obtain some non-isomorphism and non-embedability 
results. 
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2. Preliminaries 


2.1. Popa’s intertwining techniques. We will briefly review the concept of intertwining two 
subalgebras u^deR finite von Neumann algebra, along with the main technical tools developed 
by Popa in l [;ib[ f.'iVj. Let (M,r) be a finite von Neumann algebra, let / G V{M) and Q C 
fMf,B C M be two von Neumann subalgebras. We say that a corner of Q can be intertwined 
into B inside M and denote \i hy Q B (or simply Q ^ B) \i there exist two non-zero 
projections q € Q, p € B, a non-zero partial isometry v G qMp, and a ^-homomorphism 


ijj : qQq —^ pBp such that v'ijj{x) = xv for al 
intertwiner between Q and B. Popa proved in 


G qQq- The partial isometry v is called an 
] the following intertwining criterion; 


ag-techniques Theorem 2.1 (Corollary 2.3 in pVjl. Let M be a von Neumann algebra and let Q C fMf, 
B C M be diffuse subalgebras for some projection f G M. Then the following are equivalent: 

(1) Q -<M B. 

(2) There exists a finite set T C fMf and 5 > 0 such that for every unitary v G U{Q) we 
have 

^ \\EB{xvy* 
x,y&T 


\l>5. 


Let (M, r) be a finite von Neumann algebra and $ : M —)• M a normal, completely positive 
map. We say that $ is sub-tracial if r o <I) < r. If $ is sub-tracial, then, due to the Schwartz 
inequality, we automatically have 

||<I>(x )||2 = r(<I>(x)*<I>(x)) < t{^{x*x)) < t{x*x) = \\x\\ 2 , 


i.e. <I> is automatically 
defined by 


• p-contractive, and hence extends to a bounded operator on L^(M) 

T^ : l2(M) ^ L^{M),T^{x) = G 

finite von Neumann algebras. The basic construction (of M 


Let B C (M, r) be an inclusio: 
with B) is defined by (see e.g. 

(M, ee) = (M U {cb})" = {JBJf c B{L\M)), 

where Lp‘{M) is the standard form of M and J : Lp‘{M) —)• L‘^{M) the associated conjugation. 
The definition of the compact ideal space of thgbasic construction (more generally of any semi- 
finite von Neumann algebra) can be found in . 1.3.3. 

Definition 2.2. Let (M,t) be a finite von Neumann algebra, B <Z M a von Neumann subalgebra 
and ^ : M ^ M a normal, completely positive, sub-unital, sub-tracial map. We say that $ is 
compact over B if the canonical operator T$ : L?‘{M) —>• L‘^{M) belongs to the compact ideal 
space of the basic construction {M,eB)- 

.rtani 


The following result is Prop.2.7 in pqf lsee~also ph) . 1.3.3.). 

Proposition 2.3. Let {M,t) be a finite von Neumann algebra and let B, P C M be two von 
Neumann subalgebras. Let ^ : M ^ M be a normal, completely positive, sub-unital, sub-tracial 
map which is compact over B and assume that 

inf \\^{u)h > 0- 

u&U{P) 


Then P -<m B. 
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2.2. Bimodules over von Neumann algebras and weak containment. Let M,Q be two 

von Neumann algebras. An M — Q Hilbert bimodule JC is simply a Hilbert space together with 
a pair of normal *representations A : M —)• B{JC), p : Q°^ —)• B{JC) with commuting ranges. To 
these one can associate a *-representation vr : M (8)bin Q°^ —>• B{1C) by 

7 r(^ xk ® y°k)i = ^ Kxk)p{y°k)i^ xk e M,yk e Q,^ e K. 

k k 

Definition 2.4. Let M,Q be two von Neumann algebras and T-L,JC he two M — Q bimodules. 
We say that K, is weakly contained in Li and denote it by 1C ^ LI if ||7ryc(x)|| < ||7r'^(x)|| for all 
X € M®aigQ, where are the *-representations canonically associated to the left and right 

actions onLi,JC respectively. 


Give an. M — Q bimodule JC and an Q — N bimodule LL we will denote by 1C LL their Connes 
tensor product, which is an M — N bimodulCp^to the definition and basic properties of the 
Connes tensor product, see sections 2.3, 2.4 in phf! The Connes tensor product is well behaved 
with respect to weak containment (see idem). 

Definition 2.5 (Def. 2.3 in Ifshf I. Let and {Q,tq) be finite tracial von Neumann 

algebras and P <Z M a von Neumann subalgebra. We say that an M — Q bimodule JC is left 
P-amenable if one of the following equivalent conditions holds: 

(1) There exists a P-central state n on B{1C) n such that CI\m = tm- 

(2) L‘^{M) -< 1C ®Q 1C as M — P bimodules. 

Definition 2.6. Let {M,t) be a tracial von Neumann algebra, and let B, P C M be two von 
Neumann algebras. We say that P is amenable relative to B inside M if one of the following 
equivalent conditions holds: 

(1) The M — B bimodule L‘^{M) is left P-amenable; 

(2) L2(M) -< L2(M) (8)5 T2(M) as M — P bimodules. 

Remark 2.7. Let {M,t) he a finite von Neumann algebra and B,P <Z M two von Neumann 
subalgebras. Let 1C be a left P-amenable M — M bimodule such that 1C -< L‘^{M) for some 
B — M bimodule LL. Then P is amenable relative to B inside M. Indeed, we have that, as 
M — P bimodules 

L^{M) < 1C®mB < {L^{M) ^bB) {B L‘^{M)) ^ L\M) O 5 L^{M). 


2.3. Standard forms of non-tracial von Neumann algebras. In some instances we will 
have to consider non-tracial von Neumann algebras M and their standard forms. Let us recall 
that a (hyper) standard form for a von Neumann algebra is given by (M, H, J, P), where J ; 
H —)• H is an antilinear unitary, P C H is a self-dual cone such that 


i) the map M 3 x Jx*J G M' is a *-anti-isomorphism acting trivially on Z{M)] 

ii) Ji = £, ioT £ P; 

hi) xJxJ{P) C H for X G M. 


:erupSF 

A particularly useful way 

jpaca wJiich._we briefly 
taagei nipJungeXu 

a von Neumann 


The standard form of M is unique up to ^-isomorphism, see e.g 
of describing the standard form of M is the abstract 
describe below. The reader can find more details in 
algebra endowed with a normal semi-finite faithful (n.s.f.) weight. Consider Ai = M M 
the cross-product von Neumann algebra of M with M by the modular automorphism group af. 
Then A4 is semi-finite and there exists a n.s.f. trace r on A4 such that 





HaaffexTiD 


{Dip : DT)t = A(t), t G M, 
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where (p is the dual weight, : DT)t is the Connes cocycle and \{t) is the group of translations 
on M. Moreover, r is the uniques n.s.f. trace on Jv[ which satisfies 

T o af = e“V, t G M. 

Given another n.s.w. i/’ on M, denote by the Radon-Nikodym derivative of ifj with respect 
to r, i.e. the unique positive self-adjoint operator affiliated to Ai such that 

= T{h^xh^), X G M+. 

Then the following condition holds: 

af {h^) = t G M. 

Moreover, the map is a bijection from the set of n.s. weights on M to the set of 

positive self-adjoint operators affiliated to M. which satisfy the above condition. Let Lq{M.^t) 
be the *-algebra consisting of all the operators on L^(M, Lf) which are measurable with respect 
to (Ad, r). For p > 0, the Haagerup LP(M, p) is defined by 

LP{M, p) = {x ^ Lq{M,t) : af (x) = e~px,'it G M}. 

One ca define a bi-continuous linear isomorphism from M* to L^{M,p) as the linear extension 
of the map 

3 Tp £ L^{M,p). 

The norm || • ||i on L^{M,p) is defined by requiring that the above isomorphism be isometric. 
One can define a norm one linear functional tr on L^{M, p) by tr{h^) = V’(l)) thus ||/i||i = 
tr{\h\),h G L^{M,p). This ’’trace” is indeed tracial, i.e. 

tr{xy) = tr{yx), for x,y £ 

Let x = u\x\ be the polar decomposition of an element x £ L()(J\4 ,t). Then we have 

x £ L^(M,p) 4^ u £ M and \x\ £ L'P{M,p) ^ u £ M and \x\^ £ {M, p). 

1 

This allows one to introduce the || • ||p-norm on U’{M,p), by ||a;||p = |||x|^||{’ for x £ L^{M,p). 
Let’s also remark that the weight p can be recovered from the trace. Define 

= {x £ M ■. p{x*x) < oo}, = span{y*x : x,y £ N^,}. 

The dual weight p has a Radon-Nikodym derivative with respect to r, which will be denoted 

i_ 1 

dp,. Then for every x £ Mp the operator dpxdp is closable, its closure belongs to L^{M, p) and 
we have the following relation 

1 1 

p(x) = tr(dpxdp), X £ Mp. 

If (/? is a bounded functional, then dp £ L^{M,p) and the above identity becomes 

1 1 

p{x) = tr{dpxdp) = tr{xdp), x £ M. 

The Haagerup space LP{M,p) does not depend on the choice of the n.s.f. weight p up to 
isomorphism, hence it can simply be denoted by U’{M). It’s easy to see that M is naturally 
represented in standard form on the Haagerup space L‘^{M) via the obvious left and right actions. 
When M is finite and r is a faithful trace on M, the Haagerup space L?‘{M) = r) coincides 

with the usual one. 
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2.4. W*-Hilbert modules. .We also_,have„to recall some facts about (right) Hilbert W*- 
modules. According to I |;ii[l;i 2 j (see also l| 22 j) a right Hilbert C*- module X over a von Neumann 
algebra M is self-dual if and only if admits a module basis, i.e. a family {^a} C X such that 

A = span and = Sageo, G V{M). 

a 

Here, (•, •) denotes the M-valued inner product. In this situation, there exists an index set 
/, a projection e G and a right module isomorphism u : X ^ e{l 2 {lY®M). 

Indeed, for a basis with the map u is given by u{Y^^^a'ma) = [eama]- Here 

denotes the space of strongly convergent columns indexed by I. Then it is easy to 
see that the C*-algebra C{X) of adjointable operators on X is indeed a von Neumann algebra, 
and isomorphic to e{B{(. 2 {I))®XI)e. Moreover, the M-compact operators IC{X) spanned by the 
maps C) weakly dense in C{X), because K{i 2 {I)) (8imin M is weakly dense in 

B[I1.2{I))®^■ With the help of a normal faithful state, we can complete X to the Hilbert space 
L 2 {X,(j)) with inner product {C,rj) = '^((^;??))- Let iff, : X ^ L 2 {X,(j)) the inclusion map. Then 

vr : C{X) ^ B{L 2 {X,(j))) , 7r{T){i^{x)) = i^Tx) 
defines a normal faithful *-homomorphism such that 

7r(£(A)) = B{L2{X,<j2))n{M^y . 

IPasc hkeT . Paschkell, JungeSherman 

This is indeed very easy to check for C{X) = e(H(.^ 2 (L))< 8 )M)e. See IpTl j for more details 

and references. 
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3. The generalized gaussian von Neumann algebras with coefficients - 

DEFINITION and BASIC PROPERTIES 


Throughout this section we will freely use the basic properties of the pure^H^ilbert space 
gaussian von Neumann algebras rq{H), as they can be found in Section 4 of l|2uj J^e also HljjT 
The following result is due to Dykema, Nica and Voiculescu and can be found in I jbSj . 


Proposition 3.1. Let {M,(p) and (N, i/;) be two von Neumann algebras endowed with faithful 
normal tracial states. Let and {yj)^i be countable systems of generators for M and N, 

respectively. Assume that for every m > 1, every ii, ..., G N and every e, G {1, *} we have 






■xf” 




H 




Then there exists a *-isomorphism vr : M —)• N such that fjo-K = ip and 7r{xi) = yi for all i > 1. 


Definition 3.2. Let A and D he two finite tracial von Neumann algebras and B a von Neumann 
subalgebra of An D. Let TTj : A ^ D,j G N be a countable family of unital, normal, faithful, 
trace-preserving *-homomorphisms. The f-tuple {'Kj,B,A,D) is called a sequence of symmetric 
independent copies of A if the following properties hold: 

( 1 ) TTjlB = ids, for all j; 

(2) EB{Trj^{ai). • .vrj^(am)) = -E’B(vr^(ji)(oi )... , for all finite permutations a on 

N \ {0}, all indices ji,... ,jm in N \ {0} and all ai,... ,am in A, where Eb : D ^ B is 
the canonical trace-preserving conditional expectation; 

(3) For i G N \ {0} denote by Ai = 'Ki{A) C D and for I C N \ {0}, denote by Aj = 
Mi^i-Ki^A) = Vie/ Ai a D (by convention, set Adj = B); then, for any finite subsets 
/ C J C N \ {0}, j ^ J, d £ Aj and a, a' G A, we have 

EAi{TTj{a)d-Kj{a')) = EAj{r:j{a)d'Kj{a')), 

where Eaj ■ D ^ Aj is the canonical conditional expectation; 

(4) for any finite subsets I, J C N \ {0}, we have EajEaj = F^Aj^j ■ Note that this automat¬ 
ically implies EajEaj = EajEaj = EajdAj nnd in particular Aj n Aj = ^/nj. 

(5) ^N\{o} = F>. 

If the 4-tuple {-TTj, B, A, D) only satisfies axioms (1) and (2), we call it a sequence of symmetric 
copies. 


In what follows, the expectations Eaj will be denoted Ej. 

Proposition 3.3. Let (nj, B, A, D) a sequence of symmetric copies. Let T, = S(oo) be the group 
of finite permutations on N \ {0}. Then for every cr G S there exist a trace preserving automor¬ 
phism aa of Dq = ^N\{0} C D such that a^(7rjV^i)''' = vr^(ji)(xi) • • • for 

all xi,..., Xm G A and ji, • • •, £ N- Moreover 

E 3 a eA a^j £ Aut{DQ,T) 

is an action of T, on Dq by trace-preserving automorphisms. Moreover, if the symmetric copies 
satisfy axiom 4, then the fixed points algebra of this action is B. 

Proof. The map 14 : L‘^{Dq) -a L‘^{Dq) defined by 

is easily seen to be a well-defined unitary because of axiom 2. Then = A(i(I4)|D is a trace 
preserving automorphism of D which satisfies the required condition. The verihcation of the 
second statement is straightforward and we leave it to the reader. ■ 
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Symmetric copies can also be introduced in the following alternative way, which is a converse 
to the previous proposition; assume that a : S —>• Aut{D,T) is a trace preserving action by 
*-automorphism of the finite von Neumann algebra D, where S is now the finite permutation 
group on N instead of N \ {0}. Denote hy B = the fixed points algebra of this action. 
Denote by Sq = Stabj:{0) = {cr G S : (t( 0) = 0}. Set A = = {d € D : a^id) = d,ya & Sq}. 

Note that Sq C S is a subgroup isomorphic to S(oo) and that B C A C D. For every j > 1, 
define iTj : A ^ D hy the formula TTj{a) = a(oj)(o),a G A, where (Oj) G S is the transposition 
interchanging 0 and j. Then (7rj,B,A,D) represents a sequence of symmetric copies. Indeed, 
for any j > 1 and b £ B we have TTj{b) = ai^()j){b) = b because B is the fixed points algebra of the 
action a, so (1) is true. Note that aa{a) = a for every cr G Sq and a £ A and Eb o Oo- = Eb for 
all cr G S, due to (1) and the facts that a is trace preserving and the trace preserving conditional 
expectation Eb : D ^ B is unique. Then for every cr G Sq = S(oo) and for all ji,... ,jm > 1 
and ai,..., am G ^ we have 

('^(T(ji) (®l) ■ ■ ■ '^cr{jm) (®m)) ^B{cx{0a{ji)) (^^l) ' ' ' i^m)) 

(Q^(t(0ji)(T“ l (®1) ■ ■ ■ ^cr(0jm)o'~^ (^m)) EB(^{oia ® ® ' ' ' (®t7 ® ® 

-^B(o!a(o!(0ji)(o-l) • • • Cl(0jm)(®™-))) ~ -^B(o!(0ji)(o-l} ' ' ' (^(Ojm)i^rn)) = (^Iji («!) ' ' ' 

SO (2) is also true. As noted before, we can also assume without loss of generality that D = 
Vj>i7ij(A) = by simply replacing D with a von Neumann subalgebra. Moreover, 

Koestler remarked that, if we define the so-called tail algebra A^o C D hy 

A^=f]{\/ A,), 

n>l j>n 

and if Aqo C A, then the copies {TTj,B = A^,A,D) are automatically symmetric independent. 
Hence, to every trace-preserving action E r\ D we can automatically associate the sequence of 
independent symmetric copies {Trj,B = Aoo,A,D) as described. 

Notation. In what follows, given an m-tuple = 0) we denote by = 

On-. . , where cti, = h, 1 < i < m. 


Definition 3.4. Let {TTj,B,A,D) be a sequence of symmetric independent copies, S a subset of 
A such that 1 £ S = S*, H a Hilbert space and to a free ultrafilter on N. Denote by {cj} the 
canonical orthonormal basis of ^ = £^(N). Let —1 < g < 1. Define 


r°(H, S^H) = {BU {sq{a, h):a£S,h£ H})” C {Tg{e‘^ ® H)®DY, 


where 

n 

Sg{a, h) = (n“2 '^Sg{ej h) nj{a))n 

i=i 


Finally define 

Tg{B, S®H) = ® id)n{T^g{B, S ® K)), 

where K is an infinite dimensional Hilbert space containing H, ^ =span{ei,..., e^} and for 
each n 

Er^^el^B)--rg{f^K)^rgiil0H) 
is the canonical conditional expectation. 


As q will be fixed throughout this section, we will simply use the notation s{x,h) instead of 
Sg{x, h) from now on. 

Remark 3.5. Due to functoriality, the definition ofTg{B,S (8) H) does not depend on the 
particular choice of K £> H. When H is infinite dimensional Tg{B, S ® H) = rq(R, S (8) H). 
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Remark 3.6. r°(R, S H) = ({s(a, h) :a£BuS,h£ H})” C (Tqif ® H)®DY. 

Remark 3.7. Tq[B,S ® H) is a von Neumann algebra. Indeed, since the map 

E = ® id)n : {Tqi^ ® K)m)T ^ ® H)®DY 

is a normal linear projection (i.e. idempotent map) of norm one, it follows that Tq{B,S 0 H) 
is an ultraweakly closed, self-adjoint subspace of {Tq{i‘^ 0 H)0D)‘^ containing the identity. It’s 
straightforward to see that the map E has the following bimodularity property: E(x)E{y)E{z) = 
E{E[x)yE{z)), for all x,y,z € rg(R, S<SiK). Thus, forx, y G rg(R, S<SiK) we have E{x)E{y) = 
E{E{x)y) eTq{B,S®H). 


vnl 


The canonical generators Sq{a,h) are not easy to work with in a variety of situations. The 
classical q'-gaussians possess a system of generators, the so-called Wick words, whose linear span 
is an ultraweakly dense *-subalgebra. Generalized q-gaussians also have such a well-behaved 
system of linear generators, which will be called Wick words by analogy with the classical case. 
In order to find these Wick words let us first define, for every n € N, x G ^ and h ^ H, 

n 

Un{x, h) = n “2 s(ej (g) /i) (g) 7 rj(x)) G Tq(£‘^ (g) H)0D. 
i=i 

It’s easy to see that s(x, h) = {un{x, h))n G {Tq{£^®H)®DY, for x G A, /i G H. For xi,..., Xm G 
BSB = {biab 2 ■ 6 i, 62 G R, a G S'} and hi ,..., hm G H we will analyze the product 

^ 1 ) ■ ■ ■ UniXmi 

= n"T ^ s(eji (g) hi) • • • s(ejv„ (g) hm) ® vrji(a:i)7rj2(x2) • • • 7rjV„(xm) 

= {n-f Y s{ej^ <S) hi) ■ ■ ■ s{ej^ h^) TTj^ixi) ■ ■ ■ TTj^ixm)) , 

u&P[m) 

where P{m) is the set of all partitions of the set {1... m} and the notation {ji ,..., jm) = 
means that ji = jk if and only if there exists an (7 G u such that i,k G C. We will also denote 
by Pi^ 2 {ip) the set of all pair-singleton partitions of {1... mj. For a G P{m) let’s define 

x”(xi,hi,...,xm,hm) = Y ^(ejitgihi) • • • s(ejv„(g)hm)<g)vrji(xi) • • • 7rj^(x 

and Xo-(xi, hi,... ,Xm, hm) = (x”(xi, hi,... ,Xm, hm))n G {Tq{i‘^ (g) H)(^D)‘^. To keep the nota¬ 
tion less cumbersome, we will omit the parameters x^, h^ whenever they are clearly understood 
from the context. Next we see that 


and also 


Un{xi, hi) . . . UniXm^ hm) — ^ ^ 

a£P(m) 

s(xi, hi) . . . s(Xm) hm) — {Uni^Xi, hi) . . . UyiiXm^ hm))n — ^ ^ Xq-. 

cr£P{m) 


Lemma 3.8. Let [TTj,B,A,D) be a sequence of symmetric copies. Then 

o) sup„ II^ctIIcxd < 00 for all m > 1 and a G Pi^ 2 {rn)i 
i) If cr ^ Pi, 2 {px) and 0 < p < 00 then 

lim ||x”|L = 0 . 

n 


In particular s{xi, hi)... s{xm, hm) = I]< 7 ePi, 2 (m) 
Proof. The proof is the same as that of Prop. 4.1. in 
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elim 


Proposition 3.9. We have the following convolution formula for the multiplication of Wick 
words: 


Xa{xi, hi,...,Xr, 


E 

7 £-Pl, 2 (m+m'), 7 p|i 

.. .77 


hm)X0 (yi, /ci, . . . , ym' ) km' ) — 

X 7 (xi, hi ,.. . , Pm' ) km' ) • 

n.=0'p,"fp\l...m'=^P 


Moreover, item i) in the lemma above shows that in the summation we can restrict ourselves to 
pair-singleton partitions whose only additional pairings are between the singletons of a and 9. 
In particular, the linear span of the Wick words is a *-algebra. 


Proof. We have 


Xcr (^1 ) hi , . . . , Xm^ hm)x0 {tji , fci, . . . , Pm' i km' ) — 

^ s{ej^0hi)---s{ei^,0km')®'n-ji{xi)---Tri^,{ym')) = 

E (n-^ s{ej^ (g) /ii) • • • s{ei^, (g) km') 

76 -Pi, 2 (m+m'), 7 pl{i.....m}=o-p, 7 pl{i.....m'}=®p 
<S)nj,{xi)---TTi^,{ym')) = 


E 


fxi, hi, . . . , Pm' ) km ') • 


76 Pi, 2 (m+m')> 7 pl{i,...,m}=o'p, 7 pl{i,...,m'}=^'p 


Now if 7 S Pi, 2(111 + mO connects a singleton in a with a leg of a pair in 9 or the leg of pair 
in cj with either a singleton or a leg of a pair in 9, the resulting x-^ is associated to a partition 
containing a 3-set or a 4-set and hence vanishes according to Lemma 3.8. So in the above sum 
we may only allow 7 ’s which preserve the pair sets of both a and 9 and can only additionally 
pair singletons ” on different sides of the marker”, which ends the proof. ■ 


Our next result provides a reduction method for the Wick words. 

Lemma 3.10. Let nj : A ^ D be symmetric independent copies, and 1 & S = S* (Z A. Let 
xi,..., Xm £ BSB, a G Pi, 2 ( 111 ) having s singletons and p pairs and 4> : {1,..., m} —)• {1,..., s-|-p} 
which encodes a, i.e. (j){kt) = t for every singleton {kt} G cr, 1 < t < s and (l){k[) = (^(A;") = t + s, 
for every pair {k'f., k'f} G cr, 1 < t < p. Consider (sk) a sequence of Bernoulli independent random 
variables on a probability space i.e. ■ X ^ = 1) = IE(efc = —1) = Then 

II E eL---eL«>(%(i)(a;i)---%(^)(a;m)-P 7 ....L(%(i)(a^i)---%(^)(a^m ))||2 < 

(/l ,...,/s-|-p )=0 

m — 1 

C{m^Xj)n 2 . 

In particular we have 

(P“^ E Oi---a®(%(i)(a^i)---%(^)(a:m)) 

= (n-f ^ si, ■ ■ ■ ei^ Ei^^,,j^{Tri^^^^{xi) ■ ■ ■ TTi^^^^ixm)) = 

(L,...,L )=0 

(n"5 ^ £i^---£i^^ai^^„j^{F^{xi,...,Xm))), 

di,...L )=0 

where Pcr(xi,... Xm) = Pi,...,s(7r</,(i)(®i) • • • '^(j,{m){^m)) CLnd the last equality takes place in {L°°{X)®D)‘^. 
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Proof. Throughout the proof we endow L°°{X)®D with the natural trace /i < 8 * r, where r is the 
faithful trace on D. The || • II 2 in the first stateme]|i^^^|he^one corresponding to t. The 
approach we take is somewhat similar to the one in 

Step 1. Let xi,..., Xm £ BSB and n be fixed. Consider 

= {{Cl,. ■ .^Cs+p) : Cl U ... UCs+p = {!,.. ■,n},Ci 7 ^ 0,Vi}. 

Make hrto a probability space with the normalized counting measure. For every s + p-tuple 
{li,..., Is+p) = 0 , consider the indicator function ^ { 0 , 1 } which is 1 if G Ci for 

all 1 < i < s + p and 0 otherwise. Then one can easily check that 

m, . I.„) = = C(n) 

only depends on n and not on the s +p-tuple and moreover C{n) tends to a finite positive limit 
as n —)• 00 . Thus {C{n)~^) is a bounded sequence and take C > 0 such that C{n)~^ < C for all 
n. Set 

F{h, ..., U+p) = eq • • • ei, ® (a^i) • • • (x^) - (xi) • • • (x^)). 

Then we have 

II ^ F{li,...X+p)h = C{n)-^\\C{n) Y. F{li,... ,h+p)h = 

{/l v**5^S + p)—0 (^1 V)^S+p)—0 

C(n)-i|| C{n)F{li ,..., ls+p)h = C{n)-^ Y m^,...F+,)F{h, • • •, ls+p)h = 

(/l . .,/s_j_p)=0 (/l ,...,/s_j_p)=0 

E E Sh,-,is+,{{Ci,Cs+p))F{h,..., ls+p)\\2 = 

E E F{h,...,ls+p)h = C{nr^K{G)h 

(Cl ,...,Cs+p)GS^n /l^Cl,...,/s-|-pECs+p 

<C sup ||G((Ci,...,C,+p ))||2 = C sup || ^ F{li,... ,ls+p)h, 

(C'l,...,Cs+p)eDn (Cl,...,Cs+p)eDn li^Cl,...,ls+pGCs+p 

where we define C : ^ L~(X)®D by G'((C'i,..., C^+p)) = YlheCu...,is+p&Cs+p F{h, ■ ■ ■ ,ls+p)- 

Step 2. It suffices thus to estimate || F(/i, ...,/s+p)|| 2 , for a fixed non¬ 

degenerate partition Ci,..., Cs+p of {1,..., n}. Fix such an arbitrary partition. We define the 
sets /; = Cl U • • • Cs+p_i U ({1,..., 1} n Cs+p) and for I G Cg+p 

di = Y ■ ■ ■ £is ® {'^i^(i){xi) ■ ■ ■-^lixk'^) ■ ■ ■-^lixk'^) ■ ■ ■ 

l-iGCi,...,ls€.Cs,ls+i^CsJ^i,...,lp—i€.Cs^p—i 

- Ei,_, (xi) • • • TTlixk'J ■ ■ ■ TTliXk'^) ■ ■ ■ {Xm))) ■ 

Note that Di = L°^{X)®A^, I G Cg+p, form an increasing finite sequence of von Neumann 
subalgebras of L°°{X)®D. Now di G Di and ED^_.^{di) = 0, for all I G C^+p. The martingale 
inequality yields 

II Y di\\ 2 <n^ sup \\di\\ 2 . 

leCs+p i&Cs+p 

On the other hand, since the products eq • • • e/^ are mutually orthogonal for different s-tuples 
(/i,..., Ig), we see that 

\\di\\2 = \\ Y 

/i GCi ,... ,/s^Cs ,C+i ^Cs-j_i,... ,C+p—1 £Cs-|_p_ 1 
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(^4(1) • • • 7r«(xfc») • • • {Xm)) - Ei^_^ (a^l) • • • T^lixk^ • • • TT^X/,//) • • • {Xm)))h 

= 11 Y1 Y1 

^l^Cl ^Cs ls + l^Cs + l,’’’,ls+p—l^Cs+p — l 

(^4(1) ( 3 ^ 1 ) • • • '^li^k'^) ■ ■ ■ T^l{Xk’’) • • • {Xm)) - Ei^_^ (xi) • • • 7r;(xfc/,) • • • 7r«(Xfc//) • • • {Xm)))h 

< ^^11 Y1 (%(i)(a:^l)---%M(^m)) ((%(!) (^l)---%(^)(®m))) lb < 

^S+1 ^C*s+1 ,.. .,ls-\-p—l^Cs + p—l 

< ninP~^\\7ri^^^^{xi) ■ ■ ■ 7Tl^^^^iXm)\\oo < ll^||xi||oo • • • lixmlioo- 

According to axiom (3) we have 

-^h-l ((%(!) (®l)"^K2;fc;,)"^z(2;fc")--%(^)(3:m)) = Eci,...,Cs+p-ii{T^l^^i){xi)..7ri{xk'^)..7ri{xk';)..7ri^^^^{Xrn))^ 

hence 

II £h-£is ^ (%(i) (a;i)...%(„) (x„^)) -^Ciu-uc.+p_i(%(i)(a;i)...77i^(^)(x^)))||2 = 

/ 1 GC *1 5 . • • 5^S+p^C^S + p 

II Y1 ^h •••a «> (%(i)(2;i)---%(^)(a;m)) -S7i_l((7rz^(l)(®l)---77z^(^)(x^)))||2 = II '^cllh 

11 GC*1 )• •. ,ls-\-p^Cs-\-p ^^Cs-\-p 

m—1 . m— 1 

^ II ||cx:> * * * ll^m llcx:)’^ ^ ^ (^1; • • • ; ^ 


Steps 1 and 2 so far imply that 

II ezi...ez,(g)(77i^(^,(xi)...77i^(^)(xm))-£;ciu-uc.+p_i(%(i)(a;i)---%(^)(a^m)))||2 <C'n^ 

ll GC*1 ,.-M^S+p^C's_j_p 

Step 3. Now we may proceed inductively. Denote by y = 77;^^^^ (xi) • • • (xm)- Then, using 

axiom (4) and because the conditional expectations commute, we see that 

y -Eciu-uCs+p- 2 iy) = y- Eciu-ucs+p-iiy) + Eciu-uCs+p-iiy) - Eciu-ucs+p- 2 (.y) 

= y - £lciU-uCs+p-i(y) + Ec^u...uCs+p-i{y) - Eciu-uc^^j,_ 2 'JCs+p{EciU-uCs+p-i{y)) = 

= y - Eciu-uCs+p-i{y) + -E'ciu-uc,+p_i(y - -E'ciu-uc,+p_ 2 uc,+p(y))- 

Using the previous steps and the fact that the conditional expectations are || • || 2 -contractive, we 
obtain 


II 

E 

ezi • • • 


® (%(l)(a71) 


^ (^m) 

-ECiU- 

■■uCs+p- 

-2 ('^4(1) 

(3:i)- 

'^4(’n: 

) (37m)))||2 E 

heCi,. 

• " 1^ s-\-p^Cs-\-p 












II 

E 

ezi • • • 

^Is 

® (%(1)(2^1) 

^4("i 

^ (^m) 

-EclU- 

■■uCs+p- 

-1 (^4(1) 

(^i)- 

'^4("i: 

) (^^m))) II 2 + 

heCi,. 

■••5^S+p^t7s_j_p 












■73 

■ 

+ 

(g) T'ciu-uCs+p-i 

)( 

E 

ezi • • • 











/i GOi ,.. .,^s+p£Os- 

fp 








('^4(1) ’ ’ ’ ^4(m) (Xm, 

)- 

Ecivj-vjCs+p- 

2UCs+p ('^4(1) 


0)))ll2 

< 



II 

E 

ezi • • • 


® (%(i)(2^i) 


^ (^m) 

-Eciu- 

■■uCs+p- 

-1 (^4(1) 

(^i)- 

'^4("i: 

) (s^m))) II 2 + 

heCi,. 

..., / s+p G Os-j-p 












II 

E 

ezi • • • 


® (%(i)(a7i) 


^ (^m) 

-EClU- 

■■uCs+p- 

-2UOs+p 

(^4(1) 

(xi)--- 

7r4(^) (a;m)))||2 

heCi,. 

■••i^s+p^Os+p 












. m—1 

< 2C'n~. 
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After using the triangle inequality p times, we get 

II X] (%(1) [xi)--- (x^) - ^CiU-uc. (%(1) (ail) • • • (x^))) lb < 

l\G.C\ ,...,/s+pEC7s+p 

< pC'n 2 = C' n 2 . 

Now we claim that 

-®CiU---uCs(^4(1)(ail) • • • (aim)) = • 

This can be established using axioms 3 and 4. Indeed, since Ig+p ^ Ci U • • • U Cg+p-i D 
{/i,..., /s+p_i}, by applying axiom 3 we see that 

-^{q,...,is+p-i} (^4(1) (^i)''' (aim)) — (ail)''' -®{/i,...,Zs+p_i}(ii’is+p(aife^) • • • (aifc"))''' ip^rn) 

^^<#>( 1 ) (ail)■■•uCs+p_i (n/s+p (aifep) ■ ■ ■ ii'^s+p(aifcp (aim) -E'CiU---uCs+p_i ('^i,/,(i) (aii) ■ ■ ■ (aim)); 

and then 

-^CiU-'-uCs {'^ 1 ^( 1 ) (ail) ■ ■ ■ '^i^(rn) (aim)) -E'CiU-'-uCs (A'C'iu---uCs-|-p_i (aii) ■ ■ ■ ip^m)'))') 

-£'CiU---uCs (-®q,...,/s+p-i (^ 4 ( 1 ) (aim))) — -^(CiU---uCs)n{/i,...,is+p_i} (^4(i) (^”^)) “ 

— (^4(1) (aim)); 

which proves the claim. Now the claim together with the last inequality entail 

II X] •••^b«>(%(i)(aii)---%(^)(aim)-^{q,...,/4(%(i)(aii)---%(^)(xm)))||2 < C"nV. 

/ 1 GC*1 5* • M^S+pSC^S + p 

Step 1 now implies 

II •••£i.®(%(i)(aii)---%(^)(aim)-^{q,...,/4(%(i)(aii)---7rz^(^)(xm)))||2 < CC"nV, 

(/l ,.--)^s+p)—0 

which proves the first statement in the lemma. For the second statement, we first note that 
•®pi,...,i 4 (%(i)(aii) • • • %(^)(aim)) only depends on/i,and not on Is+i,... ,ls+p- Indeed, 
let (/i ,... ,ls, I's+ii • • •) ^s+p) = 0 another s + p-tuple with the same first s entries. Take a finite 
permutation a such that cj(b) = h^i < s and a{ls+i) = I's+v'^ — P- Then is the identity on 
hence 

-^{Zi,...,Zs}(i^4(i) (ail) ■ ■ ■ '^la+i (aifcb ''' (aim)) — 

(^{Zi,...,ZT o aa)(%(i) (ail) • • • T^i,+Mk') ■ ■ ■ T^h+Mk -)''' %(^) (aim)) = 

^{Zi,...,z4(%(i)(aii) • ■ ■ • ••%(-) 

which proves the claim. Now the first statement of the lemma together with an easy counting 
argument shows that 

(n-f ^ ezi •••ez, «'%(i)(aii)---7r;^(^)(xm)) = 

(h V M^s+p)—0 

= (n-f eq •••4, ®^{Zi,...,z4(vrz^(i)(aii)---7ri^(^)(aim))) = 

(h v)^s+p)—0 

{n-i Y •••^z. «'^{Zl....^}(%(l)(all)•••%(^)(xm)))• 

(Zl,...,Z4=0 

Finally, let’s note that 

Eh,...,is ° azi,...,z,+p = azi,...,Zs o Ei^...,s, 
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which implies 

(^l) ' ' ' (^m)) (-E'hv-ih ° *^h,-"ih+p)(^</>(l) (^l) ’ ’ ’ ^<7i(m) (®™-)) 

O -£'l,...,s)('^(^(1) (^l) ■ ■ ■ '^<f>{m) {Xm)) — Olli,...,ls ■ ■ ■ j ^m))- 

■ 

Theorem 3.11. Let {7rj,B,A,D) be a sequence of symmetric independent copies, x\,... ,Xm G 
A, a £ Pi^ 2 ("i) having s singletons and p pairs and 4> : {l,...,m} —>• {l,...,s + p} which 
encodes a. Then 

X„{xi,hi,...,Xm,hm) = {n~^ ^ s{ej^ ®hi)---s{ej^ ® hm) ® T^jA^l) ■ ■ ■ T^j^{Xm)) = 

(ilvjm)=0- 

Uhl 1 ■ ■ ■ 1 hm){n 2 E s(ezi (8) hfcj • • • s{ei^ (g) /i^J (g) a{i^^„j^}{F^{xi,.. .,Xm))) = 

(h,...,h)=0 

— f(j{hl ) ■ ■ ■ ) hjnjWa^ (xi, /li, . . . , Xjyij hfn)- 

where F„{xi-, • • • ,Xm) = -E^{i,...,s}(7r^(i) (aii) • • • vr<^(m)(xm)), fa{hi, ...,hm) = 
and {ki ,..., kg} are the singletons of a. The elements 

wUi , , . . . , Xm-i hffi) — (jl 2 E s(ezi ®hkf)--- s{ei^ ®hkf)® ..., x^))) 

(h,.-.h)=0 

will be called reduced Wick words. 

Proof. We will use the previous lemma. Let B = B, A = Tq{F[)0A, D = ® H)®D and 

d'j : A —)• Tq{l’^ <g> H)^D be the *-homomorphisms given by 

Tij{s{h) (g) x) = s{ej (g) h) (g) 7Tj(x) . 

Then {'kj,B,A,D) represents a sequence of independent symmetric copies. Moreover, it is easy 
to see that Aj = Tq{l‘^{I) (g) H)®Ai. Now according to the previous lemma we have 

(n“f ^ (g) s(ej, (g) /ii) • • • s(ej^ (g) hm) ® nj, (xi) • • • TrUxm)) = 

(n"f • • • ^Is ® s(e 4 (i) ® hi) • • • ® hm) ® (®i) • • • (x^)) = 

(/l ,.--5^S+p)—0 

(n"^ •••a ®%(i)('S(hi)<g)Xi)---7rz_^(^j(s(h,n)<8)3;m)) = 

(/l ,...,/s_|_p)=0 

(n“i ^ ezi •••£/, (g'dzi,...,z,(T^(s(hi)(g)Xi,...,s(h™,)(g)Xm))) = 

(b,.-,b)=0 

(n“t ^ ezi •••ez^ «) dzi,...,z«(-Eij ^(^<^(i)(s(hi) (g) xi) • • • 7r<^(m)(s(/im) (g) x^))) = 

(b,.-,b)=0 

(re"t ^ ezi • • • ez^ (g) dzi,...,z,(h^r,(z:i®H)®Ai,...,.(s(e0(i) <g) hi) • • • s{e^(^m) <g h^) (g) vr0(i)(a;i) • • • 7i4>[m)ixm))) 
(b,.-,b)=0 

= fcrihi,... ,hm){n~i ^ ezi • • • ez, ^ U,-,isiA(^i ® h^J • • • s(es (g) hz^J (g) £’i,,„,s(vr<^(i)(®i) • • • vr0(m)(a;m))) 

(/i,...,b)=0 

= /.(hi ,..., hm){n 2 E eq •••£/. ® (s(ezi ® h^J • • •s(ez„ (g) h^J (g) azi,...,z,(-^i,...,*( 71 ^( 1 )(a^i)''' 7r,^( m) (^m)) 

(/i,...,b)=0 
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(U,...,io)=0 

To see why the equality on line 6 is true, note that 

s{e^{i}(S>hi) ■ ■ ■ s{e^^^)®hm) = E ®hm)W ((e^(i)(8)hi(8)- • ■®e^(^)®hm)e)', 

9&Pi,2{m) 

where the notation (Jo means that the pair positions of 9 have been removed. After the appli¬ 
cation of Ey^(^i2^h)i we see that the only surviving partition is 0 = cr and 

s(e^(m) ® hm)) = fa{hi,.. .,hm)W{ei ®hk^---es® hkj = 

fa{hi,hm)siei s{es ® hk^). 

Now, let’s define 

n 

s(x, h) = (n “2 (g) s{ej ®h)® vrj(x)) G {L°°{X)®T® H)®DY. 

i=i 

We claim that the new Wick words associated to the variables s(x, h) have the same moments 
as X(j and hence they generate an isomorphic von Neumann algebra. Indeed, fix cj G Pi^ 2 (r 1 ')- 
Note that for {li,... ,ls) = 0, we have //(eq ■ ■ ■ SiJ = n{£i^) ■ ■ ■ = ^s=o^ due to the fact 

that £j are mean-zero, independent random variables. Then 

Plj {Xa {xi ) hi , . . . , Xmi ^m) ) — 

W((n"^ • • • £i^ ® ® hm) ® %(i) (xi) • • • {xm)) = 

(/l . .,/s_j_p)=0 

hm(n"t Y •••ezjT(s(e 4 (i) hi) ■ ■ ■ (g)(xi) • • • (x^)) = 

(/l. .,/s-[-p)=0 

5^=0 lim(n"^ Y '^('®(%(i) hi) ■ ■ ■ (g) hm))TD{TTi^^,^ (xi) ■ ■ ■ (x^)) = 

{/l,...,/s-[-p)=0 

haeP 2 {m) lim(n"f Y '^(■®(%( 1 ) hi) ■ ■ ■ (g) hm))TD{'Pl^Y^^'^ ' ' ' ^4(m)(^rn)) = 

(/l,...,/s_|_p)=0 

W {Xa {xii hi, . . . , XfYi, hfji))' 

Define Ai C <8) H)^D)‘^ to be the von Neumann algebra generated by all the Wick words 

Xo-. Also define Ad C {L°°{X)0T q{i^ (g) H)®D)^ to be the von Neumann algebra generated by 
the elements x^- Using the claim, the convolution formula and Proposition 3.1 we see that the 
map 

M. 3 'Y^ ^cr H' Y^ Xo- G Ad 

is a *-isomorphism. Applying the inverse of this isomorphism to the equality 

[n-'f Y • • • ^is ® Ke^d) (g /ii) • • • s(ez^(„,) ® hm) <g %d) = 

(/l ,...,/s_|_p)=0 

= f^{hi,...,hm){n~2 Y ®s{ei^ ® hk^) ■ ■ ■ s{ei^ ®/ifcj ® aZi,...,z,(-Ucr(xi,..., Xm))), 

(Zi,...,iA=0 

we obtain the desired identity. ■ 

Proposition 3.12. Letxi,...,Xm G A, hi,...,hm ^ H, a ^ Pi, 2 {px) and (di,...,jm) = (X- 
Then we have the following moment formula: 

r(x^(xi , /t-I, . . . , Xfji^ ^m.)) ^ cr&P 2 {m) f cr{hl ,■■■■, hm)p{'Pji {xi) ■ ■ ■ TTj^ (Xm)), 
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which does not depend on the choice of (ji,... ,jm) = cr and in particular 

hi) ■ ■ ■ s{Xm, hm)) = dme2N ^ fa{hl,...,hm)T{7rj^{xi)---Trj^{Xm)), 

(J&P2{m) 

where fa{hi ,..., /i^) = U.{i,r}eaihh K). 

Proof. It’s a straightforward application of the reduction formula. ■ 

Remark 3.13. Proposition 3.1 shows that M = S iSi H) could be introduced abstractly as 
the tracial von Neumann algebra {M,t) generated by elements s{x,h),x G BSB,h £ H which 
satisfy the above moment formula. 

Proposition 3.14. Let K be infinite dimensional and xi,... ,Xm G BSB, hi,... ,hm G K, 
O' £ Pi, 2 {rn)- Then Xa-{xi,hi,... ,Xm,hm) G rq(i?,5 ®K). For every Hilbert space H, all the 
Wick words Xa{xi, hi,, Xm-, hm),Xi G BSB, hi G H, are in M = Tq{B, S 0 H). In particular, 
M is the ultraweakly closed linear span of the (reduced) Wick words and L?‘{M) is the || • \\ 2 -cl 0 sed 
span of the (reduced) Wick words. 

Proof. We need a basic fact about infinite dimensional Hilbert spaces. 

Fact. Let K be an infinite dimensional Hilbert space and Ai,..., Ap £ C. Then there exist 
norm bounded sequences rj^ G K, foi 1 < k < p such that 0, 77 ^ —)• 0 weakly and 

for all 1 < k < p, and moreover f.njVn for k / j. Indeed, let (cn) be an 

orthonormal infinite sequence in K. Define hh = f,n — ^ 2 &n+i^ Vn — ^n+i^ ■ ■ ■ ,f,n = 

ApCn+p—l,77n = en-\-p—l. 

To prove the proposition we will use induction on s, the numbers of singletons in cr. For s = 0 
the statement is trivial. For a given a with pairs Bi,..., Bp and B = {I, r} we use the Fact to find 
uniformly norm bounded vectors hi^sik), hr^sik) G K which converge to 0 weakly and such that 
{hi,B{k),hr^B{k)) = {hi, hr) for all pairs B = {l,r}, and such that the hi/r^B{ky^ are orthogonal 
for different pairs B. Let us define hi{k) = hi for any singleton {i} £ a and hi{k) = ,B{k) if 

i G B and i = I or i = r. For every other Wick word x'^,{yi, fi,..., pm', fm'), with pj G BSB, 
fjGK, we have 

lim T{s{xi,hi{k)) ■ ■ ■ s{xm,hm{k))x'^,) = lim T{xe{xi,hi{k),... ,Xm,hm{k))x'^,) = 

k—^oo k—^oo 

Q^P\,2{rn) 

T{XaX'^,) + \i-m T{xe{xi,hi{k),...,Xm,hm{k))x'„,). 

k^oo ^^ 

OpZOo'p , 10 s I <^5 

Indeed, for every 9 G Pi, 2 {'kn) which does not contain all the pairs of a, we use the convolution 
and the moment formulas to obtain 

T{xex'„i) = T{xu{xi,hi{k), 

u^P2(m-\-m') 

= Y. fu{hi{k),...,hm{k),fi, 

uGP2{m-\-m') 

the sum being taken over all n that preserve the pairs of 9 and a' and additionally pair all the 
singletons of 9 and a'. Now since 9 does not contain all the pairs of cr there must be a leg I of a 
pair {l,r} = B G a which is connected by 9 to something else than its other leg in a. There are 
three possibilities: 

(1) 9 connects I to a leg I' of another pair B' = {I',r'} G cr. Then {hi{k), hp {k)) = 0, hence 
for every n in the sum above we have fu{hi,..., fm') = 0. 


• • • ) UmG fm')) — 

• • • ) fm' )'^(1W/ (^1 ) hi {k), ... , Pm' ) fm'))^ 
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(2) 9 connects I to a singleton {i} G a. Then, since hi{k) —)• 0 weakly, we have hi) —>• 0, 

hence for every u we also have that fu{hi ,..., fm') —^ 0 as /c —>■ oo. 

(3) {/} is a singleton of 9. In this case, every u G + m') which appears in the 

sum has to connect I to a singleton j G ,m'}. Thus, {hi{k),fj) —)• 0 and again 

fu{hi ,... ,/m') 0 as A; oo. 

Summing up, we see that for every 9 such that Up ^ 9p, we have T{xg{k)x'^,) —)• 0 as A; —)• oo. 
Thus, when letting k —>■ oo, only those 0’s containing the pairs of a make a non-zero contribution. 
Among them, there is exactly one which has s singletons, namely a, all the others have more 
pairs and hence less than s singletons. We deduce that 

Xa = w- Wm. {s{xi,hi{k)) ■ ■ ■ s{xm,hm{k)) - xe{xi,hi{k),... ,Xm,hm{k))). 

k^oo ^^ 

Z)<Tp, 10s I <C<S 

Since by the induction hypothesis all the x^’s, with |0s| < s, are in rg(i?, S<Si K), this proves the 
statement. For the second statement, let H be any Hilbert space and K an infinite dimensional 
Hilbert space containing H. Let Xi G BSB, hi ^ H and a G Then, by the first 

part, Xa{xi,hi,... ,Xm-,hm) G r°(H,5 ® K). But X(j = ® id)n{xa), hence x^ G 

Tq{B,S®H). " ■ 

Remark 3.15. The reader can now better appreciate why we needed the ’’closure operation” in 
the definition ofTq{B,S 0 P[). Indeed, Definition 3-4 ensures that the Wick words belong to 
M = Tq{B,S 0 H) for every Hilbert space H, finite or infinite dimensional. Also, Prop. 3.14 
shows that M = Tq{B,S ® H) could have been defined as the ultra-weakly closed span of the 
Wick words. 

In the following we use the notation L\{M) for the || • || 2 -closed span of the Wick words of 
degree k and Wk{M) for the linear span of the Wick words of degree k. 

Theorem 3.16. Let (iTj, B, A, D) be a sequence of symmetric independent copies, 1 G 5 = 
S* <Z A, H a Hilbert space and M = Tq{B,S <Si H). Denote by H = H (B H. Take an infinite 
dimensional Hilbert space K D H and denote by K = K ® K. 

(1) For every angle 9, let og be the canonical rotation on K. Then 

9 ^ ag = {Tq{id ® Og) (g) id)n G Aut{iTq{(^ (g) K)®D)‘^) 

defines by restriction a one parameter group of automorphisms of M = Tq{B,S (g) H). 
Moreover, for every Wick word Xa{xi, hi,..., Xm, hm) ^ M we have 

ag{Xa{xi,hi, . . .,Xm,hm)) = Xa{xi,Og{hi) , . . . , XfYi^ og{hm)) ■ 

(2) For every Wick word Xa{xi, hi,..., Xm, hm) £ M, the following formula holds 

{Em o ag){xa{xi,hi ,... ,Xm,hm)) = (cos(9))^Xa(xi , hi, ... , Xmj hm)i 

where Em : M ^ M is the conditional expectation and s is the number of singletons of 

a. 

(3) For every 9 G [0,^), let t = —ln{cos{9)). Then t ^ Tt = Em ° ci^Im defines a one 

parameter semi-group of normal, trace preserving, ucp maps on M. Moreover, for every 
Wick word Xo- G M we have Tfixo) = e“*^Xo-, where s is the number of singletons of a. 
Hence, when viewed as a contraction on L?‘{M), we have Tt = where Ps 

is the orthogonal projection of L?‘{M) on L‘^{M) and the series is || • \\oo-convergent, for 
every A > 0. In particular, if ififiM) is finitely generated as a right B module for every 
s, then Tt is compact over B for every A > 0. 
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(4) The generator N of Tt is a positive, self-adjoint, densely defined operator in Lp‘{M) = 
actmff by 

N{xa{xi, hi,..., Xm, hm)) = kx„{xi,hi , . . . , Xxm hmf 

for every Xcr(xi, hi,, Xm, hm) G The spectrum of N is the set of non-negative 

integers N, all of which are eigenvalues. N is called the number operator. 

Proof The ioimula ae{x a {xi, hi,... ,Xm,hm)) = Xa{xi,oe{hi),... ,Xm,oe(hm)), ^or Xi G BSB,hi e 
H, is easily checked, due to entry-wise functoriality, and it shows that uq restricts to a one - 
parameter group of automorphisms on M = Tq(B,S 0 H). This proves (1). Then, using the 
reduction formula and the functoriality in each entry, we see that 

{Em o a0){xa{xi,hi,.. .,Xm,hm)) = 

f„{hi,... ,hm){EM ° ae){{n~i ^ ® hkf) ■ ■ ■ s{ei^ ® hkj ® ai^,...,i„{F^{xi,... ,Xm))) = 

di,...,id =0 

fa{hi,... ,hm){EM o ag){{n~i ^ lT(ezi (g)/ifc^ • • • ^ hkj ^ ai,,^„j^{F^{xi,... ,Xm))) = 

di,...,id =0 

f^{hi,... ,hm){{n~i ^ lT(ezi ® Pnoieihkf) ■ ■ ■ ei^ ® Pnaeihks)) ® ai.^,...,isiFa{xi,... ,Xm))) = 

di ,...^)=0 

{cos{9)y fa{hi,... ,hyn){{n~i ^ s{ei^ ® huf) ■ ■ ■ s{ei^ ®/ifcj ® (^< 7 ( 3 : 1 , ■■■,a^m))) = 

{h,-,ls)=% 

{cOs{9)Yx„{xi,hi, ...,Xm, hm), 

which establishes (2). (3) is straightforward using (2). To obtain (4), we calculate 

1 Q-st _ I 

lim -{Tt{xa) - Xa) = lim--- x^ = -sx^, 

t^o t t^o t 

for any Wick word Xa of degree s. The rest of the statements are straightforward. ■ 


Remark 3.17. Due to (4), we have that for every x G M, the function 

[0, 9 6» \\ag{x) - x \\2 


is increasing. 


apriori 


Definition 3.18. We denote by Dk{S) C L‘^{D) the || • \\ 2 -cl 0 sed linear span of the expressions 

Fa{xi, . . . , Xm) — Pl,...,k{'^(l)(l){xi) ' ' ' '^(j,(^m){Xm)), 

for all m>l, xi,... ,Xm G BSB, a G Pi^ 2 {m) having k singletons and 4> which encodes a. 

Lemma 3.19. Let y{ji, ■ ■ ■ ,jk) G L^(D) be such that sup^^ WuiJi, Jfc)llp < 00 and hi, ... ,hk G 
H. Then 

sup\\n~’‘P ^ siYhi)---siyhk)®y{li,...,lk)\\p < 00 . 

” {h-4>=0 


Proof. It suffices to consider 


II siyhi)---siyhi)^y{li,...,lk)\\ 

with Cl U ■ ■ ■ Ck = {1, Using the martingale decomposition from Lemma Ih.lUl we deduce 

II Y Slyhl)■■■Sl^{hk)<Sly{ll,...,lk)\\p<c{p)^/nsup\\ Y si^hi) ■ ■ ■ si^^{hk) y{li, ...,lk)\\p ■ 

heCu-,ik&Ck 
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Iterating this procedure we get 

II ^ si^{hi) ■ ■ ■ si^{hk)'Siy{li, ...,lk)\\p < sup \\si^{hi) ■ ■ ■ si^{hk)\\p\\y{li, ...,lk)\\p 

heCu-AeCk ^ 1 ’-’^'= 

Since the products si^{hi) ■ ■ ■ si^(hk) are uniformly bounded in the p-norm, we obtain the asser¬ 
tion. ■ 


fingen 


Proposition 3.20. Let {Trj,B,A,D) be a sequence of independent symmetric copies, H a finite 
dimensional Hilbert space and 1 £ S = S* C A, and assume that Ds{S) is finitely generated as 
a right B-module. Then L‘l{M) is finitely generated as a right B-module. In particular, when 
Ds{S) is finitely generated over B for every s, the maps Tt are compact over B, for every t > 0. 


Proof. Let N be the dimension of Dg as a right S-module, and let {.^i,..., ^tv} be a basis of Dg 
over B. Then, for every a G Pi, 2 (m,) having s singletons, and every xi,... ,Xm G BSB, we can 
find coefficients bk{o',xi,... ,Xm) G B such that 

N 

F^{xi, . . . ,Xm) = '^fkbk{cr,Xi, . . . ,Xm)- 

k=l 


For every {li,... ,lg) = 0 we have 
ah,...,isiFaixi,.. 


N 

Xm)) = '^ai.^^,„^lfiCk)bk{(r,Xi,...,Xm) ■ 
k=l 


Fix a finite basis B of H. Then, for every a having s singletons, every xi,... ,Xm G BSB and 
every hi,..., hm £ B we have, due to the reduction formula 

Xa {xi, hi, ... , Xjn, hrn) — 

= ^ sifihi^)---sifihi^)®ai^^,„^ifiF„{xi,...,Xm))) = 

{h,...,L}=0 

N 

E sifihifi) ■ ■ ■ sifihij (g) ah,..jfi^k))bk{cr,xi,.. .,Xm)- 

k=l (h,...,ls)=(ll 

Thus ififiM) is spanned over B by at most A^|.S|^ = N{dim{H)Y elements, namely 

{h,...L>=0 

with hi £ B and 1 < A: < A^. These elements belong to ififiM) by the previous lemma, and this 
finishes the proof. ■ 


Remark 3.21. Since the dimension of Ds{S) over B is finite, the ^basf^^^ er^enj^^j^ £ Dg C 
L^{D) could be chosen in fact to be bounded, i.e. f,k G D, due to l;i2j . ’ This implies that 

L‘1{M) admits a basis over B consisting of elements in M. 


Corollary 3.22. Assume moreover that the dimension Ng of Dg{S) over B has sub-exponential 
growth, i.e. there exist constants d,C > 0 such that Ng < Cd^ for all s. Then the dimension of 
ifig^M) over B is less then C{dim{H)dy for all s, i.e. the dimension of Ll{M) over B also has 
sub-exponential growth. 


The following argument is essentially due to Sniady (see 


Ifisfl and Krolak 


(see 
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Proposition 3.23. Let M = Tq{B,S®H). There exists d = d{q) such that for dim{H) > d we 
have Z{M) <Z Z{B). In particular, M is a factor whenever B is. 


Proof. Let {ej}i<j<fe be an orthonormal set in H. We consider the operator T : —>• L‘^{M) 

given by 

k 

T = “ Rs{l,ei)) ■ 

i=l 

Here and Rx, where x € M are the canonical left and right multiplication operators, respec¬ 
tively, on Lf{M). We see that 

k k 

i=l i=l 

Since s(l,ei)^ — 1 is a mean zero element, we deduce from |26j^ that 

k 

II ^ ^ 'S(l,Ci) l||cxD^ Cq^/k. 
i=l 

Let US denote by H i : L‘^{M) —)• {Rq{l‘^ ® H) ® L‘^{D))^ the natural 

embedding given by the definition. Then we see that 

i{Vi) = {Vni{i)n)n,i^L\M), 


where 


n 




l<i<k,l<j^j'<n 

Now we can easily modify the argument from I f^bf to show that 

(1) II Efcjj' f^j)Rs{i,ei®e.,)\\ < CqV^; 

(2) II ® ei)^s(l,ei®e^.,)ll < CqV^] 

(3) II EfcjVi' «> ej)Rs{i,ei^e^,) II < CqV^; 

(4) II Sfcj ® ej)r+(ei (g) ej)|cr II < q + Cq\^. 

Here ,r'^, r~ are the left and right creation operators on the g-Fock space coming from the 
decomposition = l~^{h) +l~{h), Rs(h) = r~^{h) + r~{h). The main estimate is derived from 

l-{h)r+{k){f) = glS'e + r(/i)(0 ® k. 


The second part can then be estimated via (2). This yields 

Il(r - 2fcid)((id - EB)m\ < 2qk\\{id - EBmw + 2c,Vfc||(id - £;b)(OII- 
Now take z G Z{M) with Eb{z) = 0. Thus T{z) = 0 and also 
0 = ||T'(z)|| = ||2A;2: — {T{z) — 2kz]\\ > 2/c||2:|| — 2g/c||2:|| — C'q\/fc|| 2 :|| = (2A:(1 — q) — C'q\/fc)|| 2 :||. 

Thus for 2/c(l — q) — CqVk > 0, i.e. k > we have that z = 0. This implies z = Eb{z), 

for all ^ G Z{M), hence Z{M) C B and also Z{M) C Z{B). ■ 


Finally, let us mention that there is an iL-less version of the generalized g-gaussians, which 
can be described as follows: let {iTj, B, A, D) a sequence of symmetric independent copies. For 
I £ S = S* C A, define the von Neumann algebra rq{B,S) C (Fq(t'^)(g)L))^ as being generated 
by the elements Sq{x) = (n “2 Yl]=i ^gi^j) ® for x G BSB. This is equivalent to taking 

H to be 1-dimensional in the Def. 3.4 above, hence the Lf-less (^-gaussians are a particular case 
of Def. 3.4. Surprisingly, the H generalized g-gaussians can also be obtained as a particular 
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case of this construction. Indeed, let H he a, (real) Hilbert space and (vij, B, A, D) a sequence of 
symmetric independent copies. Let {X, fi) be a standard probability measure space and define a 
new sequence of symmetric independent copies (fij, H, A, D) by taking B = B, A = A^L°°{X), 
D = and itj : A ^ D hy 


TTj{a^ f) 


= 7rj(a) (g) (1 (g) 1 (g) ■ ■ ■ (g) 



g)---(g)lg)---),oeH,/GL°°(X). 


j-th position 


Using Rademacher variables, we see that there exists a dense subspace Hq C H and an isometric 
embedding i : Hq ^ L°^{X) C L‘^{X). Take 5 = 5 (g) t(Ho) = {o (g) i{h) : a £ S,h £ Hq} C A. 
The reader can check that 


TqiB,S^H)=Tg{B,S). 


4. Examples 

We will discuss several type of examples of generalized ( 7 -gaussian von Neumann algebras. 
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4.1. Tensor products. Let B and C be finite von Neumann algebras. Define A = B®C and 
D = B®C^ = B^{^^C). Define VTj : A —)■ D by the formula 

'Kj{h® a) = 6 (g) 1 (g) 1 (g) • • • (g) (g) • • • (g) 1 (g) ■ ■ ■ . 

j-th position 

Then it’s easy to check that {Trj,B,A,D) is a sequence of symmetric independent copies. It’s 
likewise easy to see that 

Tq{B,A<S>H) = B0TqiL‘i^{C) <S> H). 

For any finite subset S C L'l^{C) (g) H, the space Dk{S) has hnite dimension over B. 

4.2. Free products with amalgamation. Let B C ^ be an inclusion of finite tracial von 
Neumann algebras. Take D = *BAj the amalgamated free product of a countable number of 
copies Aj,j G N of A. Define TTj : A ^ D hy the formula 

TTj (a) = 1 * 1 * • • • * * ... * 1 * ... . 

j-th position 

Then {Trj,B,A,D) represents a sequence of independent symmetric copies. To see why this is 
true it suffices to consider elements a* such that Esiai) = 0. Then we have to calculate 

W(oi, ..., Q-m) — (®l) ' ' ' 

such that = O'- If o' has no crossings, we can inductively replace neighboring pairs 

by EB{'nj^{ai)^Tj^{ai+l)) = Es(aiai+i) and hnally find an element in B. For a non-crossing pair 
partition we can also join all the pairs, but then we find an expression of the form 

T{biTTj.^ (aii)62vrji2 (0*2)''' (oij) = 0 . 

Thus in the moment formula we only have to expand over non-crossing pair partitions. Let 
1 G S' = S'* C A. In this case we find a i?-valued semicircular system with respect to the 
matrix-valued completely positive map = EB{a*bat)- The associated (^-gaussian von 

Neumann algebras M = Vq[B, S (g) H) are not easy to concretely describe. We also have no real 
control over the dimension of Dfc(S) unless we add extra assumptions on the family of functions 

4.3. Group actious. 


4.3.1. Second quantization. Let G rxa C* be a trace preserving action of the discrete group G 
on the hnite von Neumann algebra G. Also let zz : G —)• 0{H^ be an orthogonal representation 
of G on gaussian construction associated to v 

(see e.g. I|33j I . We also denote the corresponding action G r\ L°°(D) by u. Then dehne 
B = G >ia G, A = (C(g)L°°(D)) xip G, D = (G(g)L°°(D^)) xip G where the action p is given by 
Pg{d 'Si f) = otg{d) (g) iZg{f). Dehne the *-homomorphisms tTj : A —>■ D by 


'Kj{{dSf)ug) = {d 



(g) ■ ■ ■ (g) 1 (g) • • • )Ug. 


j-th position 


Then it is easy to see that the hxpoint algebra is G Xq, G. Again the moments only depend on 
the inner product. Moreover, the gaussian functor yields a map Br : iL —)■ L^(D). Then we hnd 


M = Fg(G X G,Br(iL)) = {GSTq{H)) x G . 

The spaces Dj^{S) are hnite dimensional modules over B = G x G if L‘^{H) x G has a hnite 
basis over G. For k = 1 this means that H is hnite dimensional. In a forthcoming paper we will 



28 


MARIUS JUNGE AND BOGDAN UDREA 


also analyze the case of profinite actions and / or representations, i.e. when H can be written 
as H = Ui such that every Hi is a finite dimensional G-invariant Hilbert subspace. However, 
discrete subgroup^of On = ©(M”) provide a large class of non-trivial, non-amenable examples. 
The examples in |20j are subalgebras of M. 

4.3.2. Symmetric group action. Throughout this subsection S will denote the group of finite 
permutations on N. Let us consider a countable discrete group G on which S acts by auto¬ 
morphisms. Examples for such a symmetric action are given by the natural action of S on the 
free group with countably many generators, or by the natural action of S on the direct product 
groups OnsN generally, let R C To© be a set of generators which is invariant under the 

action of S, and assume that (R) C Fqo is a normal subgroup. Then G = Fqo/ {R) is a group on 
which S acts. A perfect example is given by an amalgamated free product *HGj where Gj = G. 
To make things more concrete, we may consider the discrete Heisenberg group H = 
with generators {gk}k>o such that Z = (go), Z°° = {g^, k > 1) and the following relations hold 

9k 9j9k — 9o9j^ k ^ j . 

Then S acts on H by permuting the generators gk for k > 1, and leaving qq fixed. Now we 
assume that such a G, with action S rxf^ G, acts trace-preservingly on a hnite von Neumann 
algebra A and B is the fixed points algebra of this action a. Let s' G G be an arbitrary element 
and gj = fi{ij){g). We can then construct a sequence of symmetric copies {iTj, B, A, D) by 
defining tTj : A —)■ A, via TTj{x) = ag.{x). Working in the crossed product (A Xq, G) X/3 S it is 
easy to see that the vij’s are symmetric copies, and that B is the hxed points algebra for these 
symmetric copies. In fact we may and will always assume that G is generated by the gj's and 
then Trj{x) = x for all j is exactly the fixed points algebra of the action. In general TTj{A) = A 
and hence we find an example of symmetric, but not necessarily independent copies. In general 
independent copies are obtained from considering a suitable subalgebra H C Ai C A. More 
generally for a subset 5 C A we may however consider the algebras 

Aj{S) = {TTj{x)\x G S,j G A} . 

This is particularly interesting for a single selfadjoint x. Then independence depends on the 
mixing properties of the sequence 7rj{x), and has to be analyzed on a case by case basis. Similarly, 
the dimensions over B of the spaces Dk{S) depend on the maps 

^x,yib) = EB{ag{x)hag{y)) = EB{ag{xby)) = lim UgAxby) 

for x,y £ S. 

A more specific example can be constructed starting from a trace preserving action a of Z on 
a finite von Neumann algebra N. Take D = N y\gH where the action (3 is obtained by lifting 
the action of Z via the group homomorphism vr : —)• Z given by vr(go) = 0 and TT{gj) = 1 for 
j > I. In other words, 

Ag{x) = a^(g)(x),c/ £n,x £ N. 

Let Hi be the group generated by gQ and gi and take B = N xi = N®L{'L) and A = x Hi- 
Define tTj : A —D by 

TTjixUgA) = a.„(g.){x)ug.,'Kj{xUgg) = xUg^,x £ N,j,k £ N. 

Then {nj, B, A, D) is a sequence of symmetric independent copies. In full generality the di¬ 
mensions of the spaces Dk{S) or where M = Tq{B,A 0 H), cannot be controlled. If 

we restrict ourselves to a small set of generators, e.g. S = {l,gi,g^^}, then we get a more 
well-behaved example. In calculating the dimensions over B of the spaces Dk{S) we use the 
crossed product structure and hnd expressions of the form 

^ji (^91) • • • (% “n(<T) (a:) 
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after reduction. Thus dimB(Dfc(S')) < (2dim(i/))^. For more general group actions and S C 
L{G), we find coefficients in i? = L([G,G])0N and finite dimension over B as long as we have 
finite generating sets. Note however, that L{[G,G]) is in general not invariant under the action 
of S, and hence a more detailed case by case analysis is required. Again a particularly nice class 
of examples comes from one step nilpotent groups with commutators in the center, such as the 
Heisenberg groups. 

4.4. Colored Brownian motion. 

4.4.1. Top up q-gaussians. Let FI be a Hilbert space and go £ [~1) !]• Symmetric independent 
copies can be obtained from second quantization, or simply by dehning Tr{sqQ{h)) = Sqq{ej (8) h). 
This provides symmetric copies of A = Tqq{H) into D = Tq{(. 2 {H)). By looking at Wick words it 
is easy that the fixpoint algebra is C. Moreover, independence follows from the moment formula 
for go-gaussian random variables. Let 5 be a finite, selfadjoint subset given by elements of the 
form Xi = Sqq{hi{i)) ■ ■ ■ Sqq{hi(^i-^{i)). Then we see that 

T{Sq{kl,Xl) ■ ■ ■ Sq{kjn,Xm)) = ^ , • ••, (xi) • • • (x^)) , 

(TgP2(m) 

where (ju = cr. Now we may use the formula for go gaussian and find for L = ^ k that 

r(7rji(xi) • • •7rj^(xm)) = ^ 

a' &P 2 {L) ,cr' ^(j>{o-) 

Here (/>(cr) is the block partition which gives the same color to the union of two blocks connected 
via pairs in o'. This means 

r(sg(fci,xi) • • • ^ 

(T&P2{m),a'<(j){a) 

is also obtained by summing over all pair partitions of the total set, using the tensor product 
k®h. Note that then Tg(C,Tgq{H) (g) K) contains both Tq{K) and Tg^^H) in case S contains 
Sgg{H) C S. In calculating the dimension of the space Di^{S) we have to understand the weak 
limit 

hm T{Wk, {hi)7rj{Wk, (h 2 )) {hs)7rj{Wk,(h^)) 

]->oo 

Using a decomposition into minimal links, we deduce that the reduction procedure yields a term 

c(cr,xi, ...,Xr)vrj.^(xiJ • • • vrjv.(xiJ , 

where c(cr, xi,..., x^) is a scalar. This means for a finite set S of generators, the dimension of 
Dk{S) over B = C is less than (|5| dim(iL))^. 

4.4.2. Actions of T, by conjugation. Let us consider the finite permutations group Eg acting on 
Z instead of N \ {0}. For every subset T C Z we can identify Si?, the permutations group on 
F, with a subgroup of S^ by viewing the elements of Si? as acting non-trivially only on F and 
acting as the identity on Z \ F. For convenience, we use interval notation for the subsets of 
Z. In particular we have S = S[i C S^ in this way. Let S act on Sg by conjugation. This 
gives rise to an action a of S on the von Neumann algebra L(Sz) (which is in fact isomorphic 
to the hyperfinite factor). We denote the canonical unitaries generating L{Tj-£) by U(j,cj G S^. 
The fixed points algebra of this action is F = L(S(_oo g])- Take A = F(S(_oo ij) = F V {u(ol)}^^ 
D = L(Sz) and define vr^- : A —)• F by TTj{a) = Q!(ji)(o) for a G A and j > 2, where (jT) is the 
transposition interchanging j and I, and vri = id. Then (vr^, F, A, D) is a sequence of symmetric 
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independent copies. Indeed, we recall that A is generated by transpositions (kl), k < 0 and that 
for j > 2 we have 

(jl)(A;l)(jl) = {kj) . 

This means Aj = B V and = T(S(_ooj]). In particular, we have a coset repre¬ 
sentation cj = (T^(jT) with a' G q]- The algebras Aj are generated by S/, S(_oo,o] S'nd one 

generator (jT) for j € I. This easily implies independence. We take S = {l,U(oi)} C A and 
define M = Tq{B, S^H). Fix a G Ti 2 (m) having k singletons and p pairs, take m} —)• 

{1,..., A: + p} which encodes a. This means (p{jt) = t, where {jt}, 1 < t < k are the singletons 
of a, and = 4>ijt) = k + t, where 1 < f < P are the pairs of a. Then Dfc(S') is the 

closed span of elements of the form 

= ad(«^i) (11(0(2)0)) ■ • ■ad(«7i ... 7 ^ ) (u(0(^)o)) %l---7m + l) 

— T'l,...,fc(u(0(i)..|,j^(o))n(0(2)7J72(O)) ■ ■ ■ 'a(0(m)(7i...7^)(O))'a7i...7,Ti+l) 

— T'l,...,fc('U(0(i)5j)rt(0(2)s2) ■ ■ ■ J 

where 71 , ... , 7m+i G q] are arbitrary. Here si = 71 (0), S 2 = 7 i 72 ( 0 ), ...,Sm = 7 i 72 • • • 7 m( 0 ) 

in (— 00 , 0 ] depend only the ji’s. In full generality the modules 0^(3) do not have finite dimen¬ 
sions over B. If we however replace B by B^ = T(S[_rfo]) — L{§>d+i), Ahy A^, = T(S[_rfi]) = 
Bd'^ {'^( 01 )}^^ and D by Dd = L{T,i^_d^oo)) for a fixed d G N\ {0}, then we obtain a new sequence 
of symmetric independent copies {7rj,Bd, Ad, Dd) and in this case we have at most (d -|- 1 )^ dif¬ 
ferent choices for the sj’s. After repeated conjugation with the unitaries on the pair positions, 
the above expression becomes 

l) ' ' ' k)Bl^...^k{U[s'. k+1) ' ' ''^(s'. fc+p))) 

dl Jk dfe-|_i Jk-\-p 

for some new indices G (—oo,0] (7 Z which in general depend on the y^’s and a. Since for 
an inclusions of groups H C G and g G G we have = dg^nUg, and the product 

-|- 1 ) • • • + p) belongs to T,(^_d^k] oaly if it’s equal to 1 , we see that a spanning set 

of Dk{S) over Bd is given by the elements 

a(.'^l)«( 42 ) •••a(,/^fc), 

for all choices of —d < < 0,1 < f < /c, which in particular implies that the dimension of 

Dk{S) over Bd is at most (d -|- 1)^. Note that Bd and Ad are finite dimensional von Neumann 
algebras. Thus, for the von Neumann algebras M(d) = Tg{Bd,S (S> H), the spaces Dk{S) have 
sub-exponential growth of their dimensions over Bd- This remains true for any finite subset 
IGS = S* ^ Ad- 

4.4.3. Actions by permutations of the generators. Let D = (^^.>^L(Z), where each copy of L(Z) 
is generated by a Haar unitary Uj,j > 1. The symmetric group S = §( 00 ) acts naturally on 
D by permuting the generators. Equivalently, one can define B = C, A = {ui}" and the copies 
TTj : A —^ D by TTj{ui) = Uj. A second example comes from taking D = L(Foo) = *f^L(Z), 
B = C, A = {ui}” and 7rj(Mi) = Uj, where the j-th copy of L(Z) is generated by the unitary 
Uj. More generally, for every finite von Neumann algebra B, one can define A = B®L(fL), 
D = 0j!^(H( 8)L(Z)) and tTj : A ^ D by 'Kj{b ® ui) = b ® uj. In the second case one takes 
D = *b{B0L{Z)), a = B®L{fL) and the symmetric copies as above. For every finite subset 
1 G 5" = 5* C A (e.g. S = the dimensions of Dk{S) over B = C are sub-exponential 

in both cases. In the case of the free product with amalgamation and S = {l,ui,ri^}, it’s easy 
to see that a spanning set for Ds{S) over B is given by the elements where k < s, 

ij G {1,..., s} and ej G {1, *} for all j < k. Hence dimB{Ds{S)) < 2^^. 
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4.5. Operator-valued gaussian. This example is motivated by Shlyahktenko’s A-valued semi¬ 
circular algebras and derived from the tensor product construction. Let Xk £ N he selfadjoint 
operators and X = '^^gkXk- We consider Ai = L°°(M) and the independent symmetric copies 
over N given by 

= fC^9k,jXk) , 

k 

where gkj are i.i.d. gaussians (we could also work with g-gaussians). The copies are independent 
over N, and hence independent over every subalgebra of N. We prefer a more internal approach. 
Let D be the von Neumann algebra generated by the 7rj(/)’s and B be the tail algebra 

B = ClijiMf) ■ f ^ > m})" 

m 

Koestler showed that the copies iTj are independent symmetric in the sense of our definition 
3.2. Note that N is invariant under the shift from tensor product construction and hence 
B C N. Thus M = Tq{B,S ® H) is a legitimate example where S = '^/.gkXk is obtained by 
approximating X with bounded functions. Since X G np<cxD actually directly work 

with one generator x. The dimension of the L‘^{M) over B is in general hard to determine. 
Indeed, in the reduction we have to work with 

^(y) = '^xlyxk = lim-ITj {x)yTTj (x)*. 
k ^ 

As an example let us consider a = {{1,3}, {2,4}}. Then we hnd the constant coefficient 

XkiXk^Xk^Xk^ = ^ 7rji(X)7rj2(X)7rji(X)7rj2(X) . 

k\,k2 jl,j2 

Similarly, we obtain a bracket operator 

^{i,5},{2,4},{3}(y) = XkiXk2yxkiXk2 = 

kiM ji,j2 

This leads to a new reduced Wick word of length 1 

^-1/2 ^ Sj (g) $(^(7rj(A)) = ^ Sj ® gjk^^{xk) . 

l<j<n k 

Without further assumption, all singleton pair partitions with one singleton might produce new 
Wick words with some coefficients ‘ho-(xfc). For results on strong solidity (over C) we will have 
to assume that the space of possible coefficients is finite dimensional. Even when considering 
the dimension over N these coefficients play a non-trivial role. For Wick words of higher order 
we have even larger spaces of ‘reduced coefficients’. 

The following example goes back to a conversation of Avsec and Speicher. Let N = and 
consider 

X = 2^9rs{ -^-) • 

r^s 

Let y^ be the transposed of a matrix y. Then 

^(y) = y^ + tr{y)l 

turns out to be a completely positive map. It is easy to calculate 

^{i,5},{2,4},{3}(y) = {n + 2)y^ + y 

and 

^{i, 3 },{ 2 , 5 },{ 4 }(y) = {n+l)y^+ tr{y)l+y . 
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We note that e^s + egr is an eigenvalue of the first map, and thus the reduction method does not 
contribute something new. However, the second map behaves differently for r ^ s and r = s 
and gives an additional linearly independent Wick word. At the time of this writing the explicit 
dimensions over B = C are not known. Note however, that all the additional coefficients are in 
Mn and hence the dimension of L^\rq{C, H)) is at most This class of examples 

provides an example of a brownian motions interpolating between the classical brownian motion 
and the free brownian motion. 

Remark 4.1. The examples in J^l., 4^.2, 4-4-i! 4-4-^ for d = 0 and 4-4-d are all factors if B is 
a factor and dim{H) > d{q). 
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5. Weak amenability produces approximately invariant states 


Let {'k,B,A,D) a sequence of symmetric independent copies, 1 G 5 = 5* C A and assume 
that Ds{S) is finitely generated over B for all s > 1. Let M = Tq{B,S ® H) for a finite 
dimensional space H, A <Z M he & von Neumann subalgebra which is amenable relative to B 
inside M, and let P = Nm{A)" . Define M = ® H)®D) V M C ® H)®DY , where 

<8> H)^D is embedded as constant sequences. Let 

H C L^{P)) ® ® HT 

be the || • ||-closed span of the sequences 

{n~^ ^ {TTj^{xi)---TTj^{xm)y^Az)^s{ej^^hi)---s{ej^®hm)), 

for all m > 1, fj G Pi^ 2 {'m)-, Xi G BSB, y G M,z G P and hi,...,hm G H. Define two 
*-representations vr : M —>• B{'H), 6 : P°p -a B{'H) by 


7r(a;^/)(n ^ (vrji(xi) • • • 7rj^(xm)y <8 )a 2^) ® s(eji <8) hi) • • • (g)/i^)) = 

(iiv,im)=o- 

^ {7rii{yi)---7rj^{xm)y^Az)® s{ei^®ki)---s{ej^®hm)) 

{ik)=cr' ,{jl)=<^ 


and 


9{w°P){n ^ ^ {-n-j^ixi) ■ ■ ■7rj^{xm)y ®A z) 0 s{ejj^ 0 hi) ■ ■ ■ s{ej^0 hm)) = 

(n“t ^ {TTjj^{xi) ■ ■ ■ TTj^{xm)y'S'A zw) 0 s{eA 0 hi) ■ ■ ■ s{ej^ 0 hm)) 


m' 

where x^' = {n~^ Y.{h,...,i^,)=a' T^hivi) ''' T^i^Xym') ® ^(eq ® ki) ■ ■ ■ s{ei^, ® km')) G M is a 
Wick word in M and w & P. Define M = 7r(M) V 0{P°p) C B{T-L). Note that tt{M) and 9{P°^) 
commute. 


Theorem 5.1. There exists a sequence of normal states ojn G A/"* satisfying the following prop¬ 
erties 

(1) a;,i(7r(x)) t{x),x G M. 

(2) u}niT^{a)9{a)) ^ l,a € U{A). 

(3) \\uJn o Ad{TT{u)9{u)) — UnW ^ 0, U G Nm{A). 

Proof. Throughout the proof will be the completely contractive finite rank multipliers on 
Tq{i‘^ (8)LD given by multiplication with a positive finitely snpported function /„ constructed by 
Avsec in l[2 and (fn ■= {ixin <8> id) : M ^ M the corresponding cb map on M. Take 

K C {L^{M)®d L^{M))^ 

to be the || • ||-closed span of the sequences 

(n“^ ^ {njiixi) • --nj^ixm) <8) s{ej^ (g hi) • • • s{ej^ (g) hm)) y)) = {x^ ®D y), 

where Xi G BSB and y G M. Note that JC is naturally an M — M bimodule with the actions 
• (n“^ ^ {T^jiixi) ■ ■■'n-j^ixm) ® s{eA ® hi) • • • s{ej^ (g) hm)) y)) ■ z = 

Llr--Jm)= 0 ' 
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(n ^ (7rii(yi) • •(g) s(eji (g)/ci) • • • s(ejv„ (g)/im)) y^), 

(*fc)=a-'.0'i)=o' 

where x^/ = Xo-'(yi, fci,..., ^m') £ and z G M. Denote by 5^ = A(M) V p{A°^) C B{JC), 

where A and p are the representations of M and M°p canonically associated to the left and right 
actions on /C, respectively. 

Step 1. There exists a normal, unital, completely positive map T : AA —)• 5^ such that 

£i7rix)9{y°P)) = A(x)y(^^(yr), x eM,yeP. 

Indeed, dehne an isometry V : /C —^ by 

{n~^ ^ {TTjj^{xi)----Kj^{xm)'Sis{ej^0hi)---s{ej^0hm))0Dy)'-^ 

(iivJm)=o- 

(n“^ ^ (vrji(3:i) • • •7rj^(xm)y g'.A 1) <8) (g)/ii) • • • s(ej^ (g) hm))- 

(iivJm)=o- 

Then £ can be defined by £{z) = V*zV, z ^ Af. 

Step 2. There exist normal functionals ^ C such that 

PniMx)pia°^)) = T((pn(x}a),x e M,a e A. 

We need two lemmas. 


12 


Lemma 5.2. L^(M) 0b L^(M) embeds as an M 


M bimodule into JC. 


Proof. The map 

L^(M) 0B L^{M) 3 (ra"f ^ ® s(ey s{ej^ 0 hm)) 0 b 

(n“^ ^ (vrji(xi) • • •7rj^(xm) ® s(ey (g) hi) • • • s(ejv„ (g) hm)) y) e/C, 

(ilr--dm)=0- 

or in other words (x”) 0b U ^ (x'f 0 d v) is an M — M bimodular isometry. The bimodularity 
is obvious, so it remains to check that it preserves inner products, in other words that 

{(Xn) (Sib y, {x'n) Sb y') = {{Xn ®D V), « (Sd v')) ■ 

Let’s denote by Eb : AA ^ D and by '■ 0 H)0D D 01 the canonical conditional 

expectations. Since D = D0lClAAc. 0 H)0D)^ is embedded as constant sequences, 

for every (x„) G A4 we have 

Eoiixn)) = rc - lim ED®i{xn)- 

n^Lj 

We now claim that for any (x„) G M C Ad we have EB{{xn)) = EbUxu))- It suffices to prove 
this for (xn) = Wa G M a reduced Wick word. Let s be the number of singletons in cr. Let 

Wc. = (n"2 ^ aq,...,G(T)T(xi,... ,Xm)) <8) s(eq (g) hfcj • • • s(ey (g) hfcj). 

(h,.-,b)=0 

We have two possibilities. If s = 0, then = Fa-{xi,... ,Xm) = A's(7r</,(i)(a;i) • • • '^(f,{m){xm)) £ 
B, hence EDiW^^) = = EB{Wa). If s > 0, then EB{Wa) = 0. On the other hand, according 

to our previous remark, we have 

EniWa) = w - limED^i{n~i ^ ..., x^)) ® s(eq 0 hk^) ■ ■ ■ s{ei^ ® ^fej) 

(h,...,b)=0 

= u;-limn"t ^ T{s{eB 0 hj,^) ■ ■ ■ s{ei^ 0 hkJ)aB^...,i^{E^{xi,... ,Xm)) 
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= w-\\mn 2 V] T{W{ei^®hki---ei^®hk,))ai^^,„^i^{F„{xi,...,Xm)) = ^- 

n * ^ 

{ll,...,ls)=9 

This proves our claim. Now, for {xn), (x^),y,y' S M we have 

{{Xn) <8>B y, {x'n) v') = Tm{EB{{ x'*Xn))yy'*) = TM{ED{{x'*Xn))yy'*) = 

\iva.TM{El^D{x'*Xn)yy'*) = hm(Xn ®D y,x'^ y) = {{Xn ®D y), {x'n v')), 

n n 

which finishes the proof of the lemma. ■ 

Lemma 5.3. There exists an orthonormal basis Ya of Lp‘{M) over B such that for every n, 
fn{Ya) = 0 for all but finitely many a’s, where we denote somewhat abusively fniYa) = fn{s), 
s= the degree ofYa- 

Proof. Since Dg is hnitely generated over B for all s, according to Lemma 1.14, for every s > 0 
we can find a finite orthonormal basis {Y^f) of L‘l{M) over B. The union (T^) of all the 1^’s is a 
basis of L‘^{M) over B. For a fixed n, there exists s = s{n) such that fn{f,) = 0 for all ^ S 
for k > s(n). For any Ya G 0fc>s(n) ^ki^) have fniYa) = 0, due to the reduction formula. 

On the other hand, the set of those Ya G 0^=0 finite, which finishes the proof. ■ 

Denote by i the M-bimodular embedding in Lemma 2.2 and define 

yii{T) = Y, fn{Ya){Ti{l 1), i{Y: ®B Y:)),T G 5^. 

OL 

Then G (5yi)* satisfies all the required properties. 

Step 3. Set 7n = y-n ° ^ A/"*, and = ||7n|| ^|7n|- We will prove that the w^’s satisfy all 

the required properties. First note that, by construction, 

7„(7r(a:)6»(y"^’)) = T{ipn{x)E_A{y)),x e M,y e P. 

Toward proving the required properties of the w^’s, we will first establish the following two 
claims: 

Claim 1. limsup„ Wy^W — 

Claim 2. lim„ \\y:^ o Ad{\{u)p{u)) — yl^W = 0, u G Mm{A). 

proof of the first claim. Fix a von Neumann subalgebra Q d P which is amenable over B. Just 
as in Step 2 above one can construct normal functionals yn on Sq = A(M) V p{Q°^) C B{)C) 
satisfying pn {X{x) p{y°P)) = r(y?„(x)y), for x G M,y G Q. We will show that limsup \\yn\\ = 1, 
and this will help us establish both claims. Since yn is normal, it suffices to estimate its norm on 
an ultraweakly dense C*-subalgebra of Sq. Denote by Sq the ultraweakly dense C*-subalgebra 
of Sq generated by X{xa), for Xo- G M the Wick words and p{Q°^). First we note that there 
exist cb maps (fn ■ Sq ^ Sq such that 

ipn{X{Xa)p{y°^)) = X{ipn{Xa))p{y°^),Xa ^ M,y ^Q, 

and ||(^n||c6 = llv^nllcb- To prove this take IC C L?q{t‘^ ® H))‘^) to be the || • || 2 -closed 
linear span of the sequences 

{n~^ Y T^hiYi)-■ ■'^jm{xm)y® s{ej^®hi)-■ ■ s{ej^®hm)) = {x'^{y®l)) 

(ilvjm) = 0- 

for all Xi G BSB, hi & H,y & M. Now define an unitary operator 17 : /C —)• /C by 

(x” (g)D y) (x”(y(g) 1)). 

We can then define 

^^(z) = U*{id^mn)‘^{UzU*)U,z G Sq. 


36 


MARIUS JUNGE AND BOGDAN UDREA 


Then the maps (pn satisfy all the required properties. The complete boundedness of the (pn is a 
delicate matter and it will be addressed in the subsection 5.1 below. On the other hand, since 
Q is amenable relative to B, we see that the M — Q bimodule L?‘[M) is weakly contained in 
which in turn is contained in K,. This produces a *-homomorphism 0 : Sq —)• 
B{L‘^{M)) such that Q{X{x)p{y°^)) = XM{x)pM{y°^), where Xm,Pm are the natural actions of 
M on L‘^{M). But then 

yn{z) = {Q{(pn{z))l,l),Z S Sq, 

and this implies that limsup \\pn\\ = 1- Then by taking Q = ^ we get limsup \\Pn\\ — 1) which 
finishes the proof of the first claim. 

proof of the second elaim. Fix a unitary u € A/mC-^)- The algebra Q = {A,u) C P is amenable 
relative to B, so by the proof of Claim 1 limsup ||//n|| = 1- Now since Pn{^) = '7‘(</'n(l)) 1 

and pn{X{u)p{u)) = T{4>n{u)u*) —)• 1, we see that \\pn ° Ad{X{u)p{u)) — pnW —>• 0, hence by 
restricting to S_a we get ||/i^o Ad{X{u)p{u)) — || —)• 0. Using the fact that Ad{X{u)p{u)) o£ = 

E o Ad{'K{u)0{u)) and the fact that '^n = see at once that || 7 „o Ad(7r(u)0('u)) — 7 „|| —)■ 0. 

But since 7n(l) = 1 and limsup || 7 „|| = 1 we see that || 7 „ — ujn\\ —> 0. This further 

implies \\u;n o Ad{TT{u)9{u)) — Wn|| 0, which establishes the third required property, and the 
other two follow easily. ■ 

5.1. CB-estimates for the multipliers. Here we will prove that some multipliers defined on 
certain C'*-algebras or von Neumann algebras are completely bounded. The first case is that of 
the maps (pn which were used in the proof of Thm. 5.1. above. In the second case we prove the 
cb boundedness of some normal multipliers on the von Neumann algebra J\f introduced above, 
which are needed to construct a concrete standard form for J\f. We recall some notation. 

Notation: M. = <8> H)®D) V M C ® , where we regard Tq{^‘^ ® H) 

and D as constant sequences. Let K = L^(A4) or K = L?‘{P). We introduce the 

subspace 

C C {K®Pq{l2®H)Y 
as the II • 11-closed linear span of the sequences 

(n“^ ^ TTj^{xi) ■ ■ ■ ■Kj^{xm)y®s{ej^®hi) ■ ■ ■ s{ej^®hm)) = (x”(y(g)l)) G {K®Vq{f®H)Y, 

for m > 1,(7 G Pi 2 {m),Xi G BSB,hi £ H,y G M. Let’s define the extended Wick words 
Xa = Xa{xi,hl, . . . ,Xm,hm,y‘^) by 

x„ = {n~^ ^ ® s{ej^®hi)---s{ej^®hm)), 

where m > 1,(7 G Pip{m),Xi G BSB,hi £ H,y £ P, viewed as operators in B{1C), i.e. acting 
naturally on sequences in C. The reader can check that 

a) C is invariant to the natural action of the extended Wick words; 

b) £ = span{A(xo-)/9(?/°^)(l (8i 1 ),X(t G M,y £ M} in the first case or span{7r(xo-)(l <8* 

y)6{z°P){{l 1) (g) 1), Xo- £ M,y £ M, z £ P} in the second case. 

c) C is invariant to the natural action by orthogonal transformations of H given by 

0{H) 3 o^ao = {id® Tq{id ® o)) G Aut{{M ® Tq{f ® //))“). 

Let C{H) C B{C) be the C*-algebra generated by the elements 

(n“^ ^ -Kj^ixi) ■ ■ ■'n:j^{xm)y°^ ® s{ej^ ® hi) ■ ■ ■ s{ej^ ® h^)) = {x)^{y°P ® 1)), 

(ilvdm) = (T 
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where Xi £ BSB, hi £ H,y £ M, a £ P{M). Also let C{H) C {B{K) (8imin ® tie the 
C*-algebra generated by the elements 

(n“T ^ ® hi) ■ ■ ■ s{ej^ ® hm)) = (x”(y°P(g) 1)), 

where Xi £ BSB, y £ M, hi £ H,a £ P(m), the ultraproduct being the C'*-algebra ultraproduct. 

Remark 5.4. Let rua be the multipliers on Tq{H) associated to the non-negative finite support 
functions fa : N —)> M. 

(1) One may assume that for every k, fa{k) = 1 fora large enough and t/iat lim sup^, ||ma||c6 = 
1; 

(2) {id®ma) : C{H) -£ {B{K)®^^Tq{e®H))^ are completely bounded, and the restriction 
of a normal map. 

Lemma 5.5. Let C{H), C{H) and ma be defined as above. 

(1) Let p : {B{K) ®rnin ® H))^ —)• B{{K (g) (g) R))‘^) be the *-homomorphism 

defined by p((r„))(^„) = (Tnfn)- Then p{C{H)){C) C C, so [p{C{H)),Pc] = 0. 

(2) The map : C{H) —)■ C{H) defined by $(r) = p(T)Pc is a surjective *-homomorphism. 

(3) If a ^ Pi, 2 ( 777 ), then (g) 1)) = 0. In particular, C{II) = ^{C{II)) is spanned 

by the elements (g) 1))), for m > l,a £ Pi, 2 ( 777 )- 

(4) If {xn) = {x'n) £ M, then $((x„(y°P (g) 1))) = <l)((x'„(y°^ (g) 1))). In particular, C{II) is 
spanned by the elements ^{{Wcr{y°^ ® 1))), where £ M,a £ Pi, 2 ( 777 ) are the reduced 
Wick words. 

Proof. Take {x'^{y°^ ® 1)) £ C{H), {x'^fiz (g) 1)) £ C. Due to the convolution rule we have 
mxl{y^P®l))){xl,{z®l)) = {xlxlfizy®!)) = Y. 

'Y£P{m+m') 

the summation being taken over all those 7 ’s which preserve the connections of both a and a', 
i.e. if some indices are connected by a or a', they will remain connected in 7 . Now for all 
7 ^ Pi, 2(777 + m'), the corresponding term vanishes, because \\xl){zy<Si 1)||2 < lk7/||oo||a7l)||2 —>■ 0. 
Thus 

4>((x-( 7/°?’ ® l)))(a:-, (z ® 1)) = (^-(zy ® 1)) G C, 

7SPi,2(m+m') 

which proves 1. Also, if u ^ Pi ,2 ( 777 ) to begin with, every 7 in the sum will also not be in 
Pi, 2(777 + m'), hence the whole sum vanishes, which proves 3. The second statement is trivial. 

If (x„),(x(^) £ M such that lim||x„ — x'fi \\2 = 0, then for every (y”(z (g) 1)) £ 1C, we have 
llxuPai^y ® 1 ) - <y”(^y ® 1)||2 < ||y”||oo|| 2 y||oolkn - <||2 0 , i.e. 4>((xn(y°P (g) 1 ))) = 

^((x'„(y°P (g) 1))). The last statement then follows from the reduction formula. ■ 


opdual 


Our goal is to prove that under certain conditions the maps {id®ma) descend to a multiplier 
on the quotient algebra, namely C{H). This is done via a careful analysis of ‘h*. 

Lemma 5.6. There exists a complete contraction 

: (P®L2(rg(£2®R)))’' {K ® L\Tq{f (g) P))" ^ L^B{K)<^Tq{i^<S>H)) 

such that 

fi{{h ^ a) ^ {k ^ b)) = {h®k)®ab* 

and tr{{S (g) T){'ip{{h ® a) ® {k ® b))*) = ((5 (g) r)(/c (g) b), h ® a). Here {k (g) h) is the rank one 
operator with entries {kihj) in a given basis and 0h denotes the Haagerup tensor product of 
operator spaces. 
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Proof. We recall that for a semifinite von Neumann algebra M the space M = L^{M, tr) is the 
antilinear dual with respect to trace {T,p) = tr{Tp*). Moreover, for M = B{H) one usually 
considers linear duality with respect to the transposed p* of a density p: 

{{T,p))b{h),Si{h) = tr{Tp^) = tr{Tp^) = {T, p)' 

Using the description of Si{H) = H'' as a Haagerup tensor product, we find a natural 

map uj ■. ^ B{H)* given by 

oj{h®k){T) = tr{T(^hikjeijf) = tr{T(^hikjeji)) = ^Tijhikj = {T{k),h) . 

ij ij ij 

Let M he a semifinite von Neumann algebra and (^j) be an orthonormal basis. Then we may 
define the antilinear map v{a) = observe that 

{b,v{a)) = Y^{b,^j){v{a),^j) = ^(6,a) = T{ba*) . 
j j 

Therefore fh = lj(v (g) id) : L'^{M) L^M) —)• B{L‘^{M))* satisfies 

m{a®b){T) = {T{b),^) = T{Tba*) = T{T{ab*)*)) = {T,{ab*)) 

for all T G M. This shows that m{a®b) = ab* is a complete contraction from L2(M)(8 )/iL^(M) —>■ 
L^{M). Now we repeat the argument for H = K ® L‘^{M) and V{h®b) = k ® v{b). Then we 
obtain a complete contraction i/; = a; (U® id) : {K ® ® Lp‘{M) ^ B{K ® L?‘{M))* 

such that for S G B{K) and T € M 

fj{{h^a)^{k^b)){S^T)){S{k),h)T{Tba*) = {S{k),h){Tb,a) = {S ®T{k®b),h® a) 

= {tr (g) t){{S ®T){k® h) 

Here {a® j3) = eijaiPj is the density of the corresponding rank one operator. Therefore the 
map if{{k ® a) ® {h® b)) = {h®k) ® ab* does the job. ■ 

Corollary 5.7. Let C C {K®L?‘{Tq{l‘^®H))'^ be defined as above. Then there exists a completely 
contractive map 

T : Z" ^ iLi{B{K)®Tq{i^®H)))^ 

and a complete contraction q : {Li{B{K) ® <g> H))^^ [iB{K)®Tq{i‘^ ® H)^]* such that 

{qo^i>){k®h){T) = {T{k),h) . 

In particular = ‘h. 

Proof. For € C given by ^ = (^n)n, V = {Vn)n we may define 

= {lPiCn®Vn))n , 

where if is the map from Lemma l)!pi INow T obviously extends by linearity, thanks to the defi- 
nition^^t^^ Haagerup tensor product and the well-known fact that Mm{{Xn)^) = {Mm{Xn))^ 
(see ■ i'he map q is given by the limit 

Q{{Cn)n){Tn)n = lim(tr (g) t)(T^C n) 

n,LJ 

Now the assertion follows from Lemma l[° and the fact that the duality paring is given by the 
limit along the ultraproduct. ■ 















39 


Hinf f 


Remark 5.8. Let H be an infinite Hilbert space and H C H'. Thanks to the dehnition of the 
C^-algebra C{H) as a subalgebra of the ultraproduct, we clearly have an isometric inclusion 
C{H) C C{H'). The C*-algebra C{H) C B{C{H)) depends on our minimalistic definition of 
C{H). Certainly, C{H) C C{H') and hence the tautological map i{xo-) = = y produces 

a larger norm on C{H') than on C{H). Let us consider a noncommutative polynomial p in a 
hnite number of x^s and y^^’s, and we may assume that the x^ only contain vectors from a 
hnite dimensional subspace Hq C H. Then we can hnd norm attaining vectors ^,77 G B{H') for 
p. Then we write H' = Hq 0 and may also assume that the ^ and 77 are linear combination 
of elements in C{Hq) and C{Hi) where Hi C Hq is a hnite dimensional subspace. Using the 
moment formula, we see that the inner product remains unchanged after applying an orthogonal 
transformation o which sends Hi to a hnite dimensional subspace of H orthogonal to Hq and 
leaves Hq invariant. This implies that 


\\P\\C{H') = sup 1(^,7377)1 


sup|(ao( 0 ,pao(^))l < \\p\\c{H) ■ 


Let us denote by qn = ■ Ch — C{H) the quotient map. Then we obtain a commutative 

diagram 

C{H) H C{H) 

C{H') C{H') 

where the left hand downarrow is the natural ultraproduct inclusion and the right hand dow- 
narrow the tautological inclusion (which is well-dehned and injective). This allows us to identify 
elements in the kernel of qu by considering qn'- 


We recall that thanks to Avsec’s result, the orthogonal projection : ^q{H) —)• Tq{H) 
onto Wick words of length A: is a normal completely bounded map. We use the same notation 
Pk : L^{Tq{H)) L ^{rq{H)) and id^P k : H{B(K) ^ Tq{H)) Pk : H{B{K) ^FqiH)). Let 

us note that P^ : WH{B{K) 0 Tq{H)) the extension to the ultraproduct on spaces, which 
satisfies 

{{id® Pk{Tn))n,{in)) = {{Tn)n, Pk{{^n)n) 

n aud 

I. 


kernel 


Lemma 5.9. The kernel of ^P^ contains the kernel of qu- 

IHinf f 

Proof. The map ^Pf is normal. According to Remark (jib.811 it therefore suffices to show that 
for 77 G £ we have 

id 0 Tfc(T(^ 0 77 )) G limpHi 

for some potentially larger Hilbert space H'. Let us now consider Wick words (x”)„, x", and 
y°P, y°^. We have to consider 


{■^{{x.y^)n ® {x.y°^)n)) = ('k(x>r" ® {xly°^))n ■ 

For fixed 77 G N we see that 

T((x^y) 0 {xly^P)) = ^ {A^ 0 ^-^{dWn ® s.{h)s* 

0')=5-,(i)=o- 

^ {Ay°^ ® x^y°P) . 

Here refers to the expression obtained from restricting to {ji, = cr'. Note 

also that a' has to be obtained by joining singletons from a and a. In this context we observe 
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again that is is enough to consider a' S -Pi, 2 (hi + m). In the following example we see that 

II <8) 'Kj^{ai)y°P) ® s]^Sj,\\i 

ji 

^ II ® epjillll ^7rj,(ai)y°P(g) Sjieji,i|| 

< Cq{a, d)n <C 

is much smaller than the predesigned and hence vanishes in the limit. For more complicated 
conhgurations, we may assume that a and a are pair/singleton partitions, and that new links 
in a' G Pi, 2 (™ + rh) are obtained from joining pairs or singletons in a with pairs in a (or the 
other way round). All the joint pairings can be estimated using the definition of the Haagerup 
tensor product as above which yields the bound 


I (7fj(a)j/°P(8)7fj(a)y°P)(8)Sj(/i)*Sj(h)|| 

(jk)=^,(jk)=^,{3k ,jk)=<^' 

< sup ||ojH sup ||aj||||y°^||||i/°^|| . 

j j 


The function / is obtained as follows. Let ol be the number of pairs in a being linked to either 
a pair or singleton in d, and similarly /3 be the number of linked pairs. Then we find 


/(o-,d,cr') 



cx Oi /2 T 


<7.9 


+ 


13 + 13/2 


m + rh a + (3 

2 Y~ 


using row and column vectors for the number I of links in a'. Thus for 

a + /3 > 0 we obtain 0 in the limit and therefore only those a' Kfe^ch link singletons to singletons 
give a contribution in the limit. Now we use Pisier’s version l|34l Sublemma 3.3] of the Mobius 
transform. Let a' be a fixed partition with pairs {(^i,ri),..., {lp,rp)}. Then there are unitaries 
Xj' in a product of free group factors such that 

Sj{h) = Sj'S) X'j 


satishes 

“(c^o := ^2 ® {+j{a)y°P ® +j{d)y°^) ® {id (8) E){Sj(h)*S{h)) 

^ jk,Uk) 


Here 

X2 = (n "™/2 ^ Sj^{hrn)y 

and the corresponding expre ^io^ for depends on a'. Moreover, there exists a Mobius 
function /i(-, •) such that (see l|34l Proposition 1]) 


{xf^y°^ ®x„y°^) = ^ /i((T, 7r)a(7r) . 

TT > cr^ 


The advantage of this representation comes from the fact that we can actually calculate for 
such a fixed a'. Recall that we may assume that a' is a pair/ singleton partition. For fixed 
n G N and an element i]n = S ® Wn , Wn a Wick word of length k we obtain 

tr{S{{nj{a)y°P 0 +j{d)y°P))T(WnS-j^ ■ ■ ■ ■ ■ ■ sjJ 








41 


such that (ji, jm; jm; ■■■ji) = ct'. Then we obtain a non-zero term only if |cr'| = k has exactly 
k singletons. Hence we hnd that 

iid0 = X] ixay°^ 0 Xay°^) = n{a,Tr)a{TT) . 

\<j'^\=k |cr'|=fe7r > 0 -' 

Therefore we are left to consider 

a(7r) = {id<S>E){^{X7 0X^)) . 

In order to use Remark lib.81 we have to modify the variables X^. Indeed, for every pair p = {I, r} 
in vr we introduce a label Sp and replace s{ej^ 0 hi) by s(ej^ ® Cp 0 hi), and <8) hr) by 
s{ej^ (8) Cp (8) hr). For the remaining singletons we replace s(ej (8) hj) by Sj = s(ej (8> eo) and work 
in the Hilbert space H' = H ® (. 2 - Using the so modified XJ’s we still have 

a(7r) = (id® = .1™ ® «o,(^a)) 

3 

for any sequence {oj) of orthogonal transformations such that Oj(eo) = cq, which converges 
weakly to e^. For elements in C{H) the limit for j —?> oo converges, and hence this remains true 
for the norm closure. Thus for an element x £ C{H) in the kernel of qu we find qH'{x) = 0 and 
hence 

(x,a(7r)) = lim {x,'ijj{ao^iX~') ® ao^X^')) = 0. 

Using linear combinations we deduce indeed that {Pk{x), 'I'(xo-y'’^ ® x^y'^)) = 0. ■ 

Corollary 5.10. Let be multipliers given by the cb-approximation property for Tq{H). 

i) Then {id ® ma)n extend to completely bounded maps on C{H) with limsupo, ||(id ® 
'nxa)n\\cb = 1, cmd liuia fa{k) = 1, whcrc fa are the associated scalar finitely supported 
functions. In particular, the maps (pn used in the proof of Thm. 5.1 above are completely 
bounded with limsup„ ||(^n||cb = 1- 

ii) Let L{H) = C{H) C B{C) and note that L{H) is spanned by ’’extended Wick words” 
(i.e. images of extended Wick words through such that L\{L{H)) (i.e. the || • || 2 -c/osed 
linear span of the extended Wick words of degree k) is finitely generated over B. Then 
there exists a modified family fa{II)* '■ L{H)^ —)■ L{H)^ converging in the point norm 
topology. 

Proof. Since (id® ma){T) = Ylk fai^)^k{T), we see that o (id® ma)\\cb < 1 and also 
ker(gjp) C ker(<I>ipo(id®mQ,)). But that means that there is a unique map : C'(dd)/ker(gjp) —>• 
B{1C) such that 

||niQ,||c6 ||nrQ.||c^> ^ 1 T Ca . 

However, C{H)/ ]^er{qH) = C{H) completely isometrically, and hence rha = {id®ma) coincides 
with the densely defined map {id®ma)W{a,f,,a,y) = /Q,(|crs|)IT(cr, a, y). Let us now consider 
a finite dimensional subspace Hq C H. Since L\{L{H)) is finitely generated over B, we deduce 
that the projection P^ is normal on L{Hq). Hence the maps ma are also normal and restricted 
to the weakly dense subspace C{Hq) we known that 

||nrQ.||c6 ^ (1 T • 

Since a weakly dense subspace is norming for L(ddo)* we deduce that \\{ma)* ■ L{Hq)^, —>■ 
L(ido)*||cb < (1 +£«). Hence the normal map ma coincides with the normal map {{ma)*)* and 
satisfies the same cb-norm estimate. Moreover, since we have normal conditional expectations 
Shq ■ L{H) —^ L{Ho) so that U//.T//.(L(idj))* is norm dense in L{H)^, we deduce that {ma)* 
extends to a completely bounded map of c6-norm < (1 -|-ea) and hence = {{ma)*)* is indeed 
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invariance 


normal 


a normal extension of the map rua ■ C{H) — C{H) with the same cb-norm estimate. This 
concludes the proof of ii). ■ 

The remainder of the subsection is devoted to proving some auxiliary results which will help 
us construct a standard form for the von Neumann algebra AA which was used in the proof of 
Thm. 5.1. This standard form will be crucial in the proof of the main technical theorem. 

Lemma 5.11. There exists an action by *-automorphisms a : 0{H) —)• Aut(A^) such that 

ao{7Tix)e{y°P)) = 7T{aoix))e{y°P),oG 0{H),x G M,y°P G P°P . 

Moreover, let Eq he the orthogonal projection of C onto the closed linear span of the extended 
Wick words of degree zero. For T G Af the condition 

ao{T) = T, Vo G 0{H) 

implies that [T, £lo] = 0- 

Proof. Let us recall that M acts on 

Tl = span{7r(a:o-)(2/ ® (g)^ 1) (g) 1), Xo- £ M,y e M,z £ P} 

C {{L\M) L\P)) ® L2{rg{f ® H))r . 

Recall here that H is infinite dimensional, and thanks to second quantization Uq = {id (g) ao)n 
acts on and P as a unitary. By normality, we deduce that ao{x) = UqXuI extends to a *- 
automorphism of M and moreover, ao{9{y°P)) = 0{y°P). Let o* G 0{H) be a family of orthogonal 
transformations of H such that Oi{h) goes to 0 weakly in H. Let ^ = 7r(xo-)(y ®a ^ (g) 1) and 
y = Tr{x'^,){y' (g )_4 z' 0 1). Then we obtain 

lim(uoi(0,??) = limlimn"("'+™')/^ V (vfj(x)(y (g)^ z), vf^(x')(y' 

I t n,ij 

0fe)=o',0X/)=o'' 

Indeed, we expand the sum into the summation over a" £ 1^1,2 + 'm') and execute the limit 

over n. Then we observe that the coefficients remain uniformly bounded. However, Oj(/ifc) is 
eventually orthogonal to every and then the moment formula for g-gaussian yields 0 in the 
limit. We have therefore shown that converges weakly to Eq, the projection onto words of 
length 0 in the second component. By taking convex combinations we find a net such that 

sot — lim > otiUoi = Eq . 
i 

Thus for T G with ao{T) = T for all o, we deduce that [uq, T] = 0 and hence 

Eq{T{0) = YiuiY,<UoJ{0) = r(limj;af«o,(0) = T{EQ{i)) . 

i i 

This means EqT = TEq as desired. ■ 


Lemma 5.12. Let B V P°p C B{L‘^{M) (g )_4 L‘^{P)). Then the natural inclusion map 

Tr:BWP°P^Af 


is normal. 
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Proof. By density it suffices to consider = 7 r(x”)(y z) and rjn = z). We may 

assume that Xo- and Xa is a Wick word. Our goal is to analyze 

(j){T) = lim{T^n,Vn) ■ 

Let us first fix n £ N. Then uJn{T) = (Tf^n^iln) is normal, and hence it suffices to assume 
T = b9{p°P). It turns out that we need |(t| = |fT| = A: and then 

iOn{T) = - - ^ q'''''^^^r{z* EAiy*'x^(k){xk) ■ ■ ■ '^'r{i)ixi)b7Ti{xi) ■ ■ ■ 7rk{xk)y)zp) . 

Thanks to Lemma lib ^2 1 we may replace L^(Ad) by Lp‘{D) ®b L‘^{M) in the dehnition of Pi. For 
fixed 7 we may now define 

= ai^,„^k{x) ®By ®AZ ,x^ = a^(i),...,^{k){x)®B®y®AZ. 

Since is normal we deduce that 

Un{T) = + ) 

7 

for all T £ B V P°p. Since the summation is finite and the scalar coefficients converge the limit 
exits for all T £ B V P°^ and result in a normal normal functional (/>(r) given by the same sum 
but with coefficient 1 instead of k+i) ^ ^ 


L2space 


Proposition 5.13. Assume that for every finite dimensional Hilbert space H, L‘j,{M{H)) is 
finitely generated as a right B-module (note that in particular this is the case if dimB{Dk{S)) < 
oo, for all k). Then 

i) There exists a faithful normal conditional expectation T : AA —)• Bp = tt{B) V 9{P°^); 

ii) The action a is implemented by an sot-continuous family of unitary operators (I4)oeC>(i7) 
on L‘^{M); 

hi) L‘^{M) = 0;,>oILfc(M)L2(Bp) and Vo{7r{xa)0 = Tr{aoixa))f for Xcr £ £ L'^{Bp). 

Moreover, where Ep ■ it{M) —)■ vr(B) is the conditional expectation. 


Proof. For a subspace H' G H we use the notation 

HiH') = {TT{Xa){{y®A z) ® l)\y £ M,Z £ P,Xa = Xaixi, ...,Xm,hl, ...,hm),hi £ H'} 

for the subspace generated by H'-Wick words. Let lhi : PL{H') C PI he the canonical inclu¬ 
sion map and Ph'{T) = l*^,Tlh’ the induced completely positive map. Certainly, we have 

FH'iO{y°n) = 0iy°n and 

FwiXa) = Eff'iXa) ■ 

Indeed, if a Wick word x^ contains a singleton hi £ then Fh/{xo-) = 0. Using hi £ 

iL'U(LI')-*- we deduce the assertion by linearity. Thus Ph'{J^{H)) = N{Hi) C B{PL{H’)) defines 
a normal surjective conditional expectation Ept. Let eu' be the support of Fpi. We observe that 
■k{M{H')) and 9{P°p) belong to the multiplicative domain of Fpi. Let N{H') C M{H) be the 
^on^ jMeumann algebra generated by Tr{M{H')) and 9{P°^) inside Mp{H). According to remark 
lb.bl and Kaplansky’s density theorem, we deduce that Fh' induces the same weak* topology on 
the unit ball of N{H'). This means that the tautological embedding uh'h '■ Af{Hi) —)• M{H) 
given by (JH'H^Xa) = x^ and (JH'H{9{y°^)) = 9{y°P) satisfies Fpm = idjyf^H.^ and Fp/ is an 
isomorphism when restricted to N{H'). We denote by £h' = (XHiRFu' ■ M ^ M the resulting, 
not necessarily faithful, conditional expectation. Let Hi be an increasing net of finite dimensional 
spaces whose union is dense. Since \JiPliHi) is norm dense, we deduce that £Hi{x) converges 
weakly to x as i goes to infinity along the net of finite dimensional subspaces. Recall that the 
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multiplier maps rua are normal and commute with every . Adding convex combination we 
may find a new completely contractive net, still denoted by ma, converging in the strong, strong* 
operator topology. Thus we may assume that 

conv I (5.1) = x 

i O' ^ 

converges strongly for all x G Af. In our next step we consider H' = 0, i.e. the map i : 
L‘^{M) ( 8)_4 LP‘{P) —)• H, given by i{y z) = {y z) ( 8 ) 1. This yields a completely positive 
map <I)(T) = l*Tl such that ^{9{y°P)) = 6{y°^) and <^( 71 ( 6 )) = 7 r( 6 ). On the other hand for a 
Wick word x = W^-, we see that 

{■n{x)i{y®Az),i{y'®Az')) = limn""*/^ ^ {T^{x){y®Az),y'®Az'))T{sj^{hi)---Sj^{hm)) = 0. 

(ij)=a 

By normality, we deduce that ^{M) = B V P°p C ( 8 )>i L‘^{P)). Let us denote by 

Bp = $(AA) the resulting von Neumann algebra and by epp the support of T = $|a/>- Since 
the Wick words of order 0 are obviously invariant under ao for all o G 0{H) and 

£ao{x) = ao{£{x)) = £{x) 

we must have aoiepp) = epp for every o G 0{H). More precisely, 1 — epp is the projection of 
the ideal I = {x : £{x*x) = 0} and we certainly have ao{I) = I- This implies ao(l — e.pp) = 
|1 )• We deduce that for all a we have ao{maepp) = niaepp and hence, thanks to Lemma 

irm we know that [EQ,ma{epp))] = 0. Now, we fix a and consider Xi^a = ^Hi{Txia{e.pp)) = 
maFHiiepp). This means 

Xi^a — ^ ^ Xk , 

k<k{a) 

where x^ = Pk{x). However, we have a a finite basis ^k,s of L‘^{M{H)) over B made of elements 
in Wk{Hi) and hence for all z = 7r{xo-')0{y'^) we find 

Pkiz) = Y,<^k,s)Ep{esx^wn ■ 

s 

Since P^ is normal we deduce that there are coefficients G vr(B) V 9{P°^) such that 

Xk ^ ^ '^{^k,s)^s,k G Af(yEli) . 

s 

Note here that we have rewrittenm^^s normal map, because the maps^«^x) = '^{iks)(x{£{iks^)) 
are normal, thanks to Lemma 115.121 Note also that due to Lemma h.l2\ a(B V P°p) = tt{B) V 
9{P°P) C M. On the other hand the projection Pp^ onto the range of iPi contains the range of 
i and hence 

[Eo,i*Hima{epp)iHi] = i*H.[Eo,ma{eBp)VHi = 0. 

Thus we have [£' 0 , Xi^a] = 0. Let us consider y = {y < 8 )^ z) 0 1. We deduce that 

Xi,a{v) = • 

k<k{a) s 

Moreover, we see that 

EB{Cs,k^i,a:{v)) — Ep{^g i^^g^k)o>k,s{'n) ■ 

We may assume that fk^s = ^ projection in B and = fksO-ks- Since the 

conditional expectation can be calculated using vectors in the Hilbert space, we deduce that 

ak,s{v) = Epic,k^iAv)) = EpiC,kEoixi,aiy))) = 0 
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for all k > 0. Thus only the coefficient for k = 0 survives and hence Xi^a £ V P°p). This 
remains true for the limit along a, i.e. Xi = FHi{eBp) £ o'{B V P°^). Since (Jj iHi is norm dense 
we find that 

esp = w* - limPHiieBp) G cr{B V . 
i 

The restriction of the normal map a o £ to a{B V P°p) is the identity. This implies 
l-CBp = a o £{1 - eBp) = cf o £{{eBp{l - eBp)eBp) = 0 . 

Thus e^p = 1 and £ is indeed a faithful normal expectation. Now it is easy to conclude the proof 
of the crucial assertion hi). Indeed, we may assume that tt{B) and 6(P°p) both admit weakly 
dense separable sub C'*-algebras and hence fix a faithful normal state cf) on Bp. Then tp = (j)o£ 
satisfies l^C^gnjies’ij^commutativity relation for the modular group £{af{x)) = af{£{x)). We 
refer to IjT/lf for the fact that we have a natural embedding of the Haagerup spaces U’{Bp) —)• 
LP{Af) given by 

for the densities G L^{B V P°p), G L^{Mp) associated with the states. Moreover, the 
support of is 1. This implies that Lp‘{M) = MLp‘{Bp). By approximation in the C'*-algebra 
generated by tt{M) and 9{P°^) we see that span of elements of the form 

7r(x^)6»(y°P)dy^ 

are dense in However, we have 

(5.2) tr((7r(x.)d(y°^’)dy')*7r(x,)0(2°^’)dy') = tr(d(y°?’)*7r(x.)*7r(x,)d(z°nd^) 

= tr(d(y'’?’)*d(z°J’)7r(x.)*7r(x,)d^) = V'(d(2/°?’)*d(z°P)7r(x.)*7r(x,)) 

= cp{£{e{y^^re{z^^)TF{x„r^{xp))) = 

(5.3) = my°n*o{z^nEB<x„r^{x ,))). 

For the pr gof ffi ) the last equality, we may assume that x^ and Xy are reduced Wick words. As 
in Lemma In. i^l we see that 


['K{x^){y ®Az),'K{xy){y = limn 

Uk)=o-,ijp=5- 

T{rEA{y*^-j{x)*^j{x)y)z) T{s--^(hm) • • • S--^{hl){Sj^{hi) • • • Sj^{hm)) 

= d\a\M T((aj^(^^,.,,j^(,)(x))*aj,,.,,j,(x)yE^(zr)r) 

7eSfc {ji,-Jk) 


The limit b{x,x,^) G B only depends on x and x and the permutation 7 , see Lemma | 
Placing the summation inside we find indeed Epix^Xa)- Thus we have shown that = Bp- 

Together with . we deduce that the spaces Wk{M)L 2 {Bp) are mutually orthogonal. Finally, 
we have to discuss the action a : 0{H) —)• Aut{M). For an arbitrary *-automorphism a of M, 
we may define the action on via 

(^{xd^) = OL{x){d^oQ~^)'-/'^ . 

It is easy to show that this action is independent of the choice of a normal faithful density 
d associated with state ip. Here d o a~^ is the density oi 'ip o a~^. Thus we deduce from 
ao{9{y°^) = 0{y°^) and the fact that ip o ao = ip, that 

ao{-n{xa)9{y°^)dY) = ao{'K{x^))e{y°P)d]l‘^ , 
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as expected. 


apost 


Remark 5.14. A posteriori, we deduce that under the assumptions above Fjjf is faithful for 
every subspace H' C H because £ = £F[j'- 
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6. The deformation bimodules are weakly contained in L '^{ M ) for 

SUB-EXPONENTIAL DIMENSIONS OF Dk{S) OVER B 

6.1. Norm estimates for decomposable maps. Let H be an M-N bimodule over finite von 
Neumann algebras M and N. We will introduce some norms which will enable us to show that 
the M — N bimodules associated to certain maps : M —>• L^{N) = are weakly contained 
in iL. To be more precise define 

j 3 

The infimum is taken over elements ij,Tjj S H. 

Lemma 6.1. Let K be an M-N bimodule such that for a total set of vectors ^ € iL the map 
: M —^ L^{N) defined by 

T{^^{x){y)) = 

satisfies < oo. Then K is weakly contained in H. 

Proof. Let us recall that K ~< H and only if we have the relation between the kernels 

ker(7r//) C ker(7ri^) , 

where tth ■ M (8)bin N^ —> B{H), respectively ttk ■ M (8)bin N°p B{K) are the canonical 
representations. Let z = lim^j be a limit of norm one elementary tensors which converges to 
an element z € ker(7r/f) with respect to the max norm. Let f, £ K such that < oo. This 

means we may assume that 

T{^^{x)y) = '^ai{Ci,xr]iy) , ||6IIll??i|| < 1 

i 

and \ai\ is finite. Using ||^;j||bin < 1 and uniform convergence, we may interchange limits and 
deduce 

= '^ai\\m{f,uz*Zjr]i) = '^ai{z^i, zyi) = 0. 

^ i ^ i 

Thus for any linear combination ^ of elements such that the d>^j.’s have finite H norm, 

we still have 'KK{z)f = 0. By density this holds for all (, £ K. ■ 

As an illustration for the norm estimates let us prove the following result. 

Lemma 6.2. Let Hb = L 2 {M) ®b L 2 {M), and assume that L\{M) has dimension dk over B. 
Let Pk : L?‘{M) —)• L‘^{M) be the orthogonal projection. Then 

< dk . 

Proof. We recall that 

(6.1) {x d),a^b) = T{b*EB{a*xc)dy) = T{EB{a*xc)EB{dyb*)) . 

Assuming that f,j is a basis with = dijCi, e, a projection, we see that 

r{yPk{x)) = Y^T{y(,jEBiCjx)) = Y^{x 0 y°P {I ^ 1), ® (,*) . 

3 3 

Since f,j, (,j 0 fj) = T{E{f*f^j)E{ff-f^j)) < T{ej), we deduce the assertion. ■ 





48 


MARIUS JUNGE AND BOGDAN UDREA 


6.2. Configurations. Our main goal here is to analyze the operators : M —)• Li[M) given 
by = EMi^xr]), where ^,r] are elements in Tq{B,A (g) (H 0 H)). We will start with 

monomials 

^ = s{xi,hi) ■ ■ ■ s{xm,hm) , V = six'^,■ ■ ■ s{x'i,h']) 
where hi, h'-, G H x {0} U {0} x H. Although our goal is to obtain estimates for arbitrary x, we 
will first assume that x = C is a reduced Wick word from M and only contains singletons from 
H X {0}. By considering the moment formula we can reorganize the trace using configurations 

TiC'CCh) = TiC'^aiO) 

a configuration 

whenever ^ is another reduced Wick. Here a configuration a = {croxH,(^Hxo, v) given 

by 

i) A pair partition aoxH of {1, ...,m} U {m ',..., 1} so that all the pairs {l,r} have indices 
in 0 X H] 

ii) A pair partition anxo of {1, U {m ',..., 1} so that all the pairs {l,r} have indices 

from H X 0; 

hi) Subsets C {1, C {m',..., 1 } disjoint from the support UaoxH U Uanxo of 

the partitions above. 

Indeed, using the moment formula for T{C'^C'n) ''v® know that we have to take the sum over all 
pair partitions of length m + rn' + k + k', k = |^|, k' = Every such pair partition has to 
respect the pairs oi Q x H and that defines our (TqxH- Some pairs can combine elements from ^ 
and rj with coefficients in H x Q. This defines (Thxo- Some partitions connect ^ and C and some 
C, with r]. The left hand sides of the pairs between ^ and r] define the set and the right hand 
sides of the pairs from ij define All the remaining pairs will connect C and C- Since C 
and C are themselves Wick words, there are no pairs connecting elements from ^ (("') with itself. 
We see that indeed, the sum over all partitions can be regrouped into first summing over all 
configuration (which only depend on ^ and ry), and then sum over all partitions supported by 
these configurations. Let us note that once a configuration a is known we can determine exactly 
how many crossings will be produced by pairs in 0 x Lf. Indeed, we know that many 

singletons will be removed from According to the position of the left legs in a^xu some extra 
crossing will be produced from the set The same applies for Here is an example 

Oi 0.2 h 03 63 I Cl C 2 03 di C 3 C 4 | ^2 h di ai bi 

Here a^xH are given by the positions of bi and 63 . The set is given by the position of 03 
and aHxo is given by the positions of oi. The 6 ’s are responsible for 8 + 1 + 1 + 1 crossings, 
8 crossing with c’s, one crossing among themselves, one crossings coming from a’s and 6 ’s, one 
crossing from the 6 and d’s. Thus k{a) = 2 x (6 — 2) + 1 + 2. 

In our next step we replace the monomials ^ and 77 by Wick words. This means we only have 
to sum over those configurations such that a^xH and uhxo connect ^ and r] and no pairs ^ and 
T] with itself. In addition the reduction procedure produces scalars and new operator valued 
expression aji,..,ji{l3) with [3 G Df^(S). We have proved the following simple combinatorial fact: 

Lemma 6.3. Let ^ and rj be Wiek words obtained by reduetion and C, G M he a Wiek word of 
length k = |^|. For a fixed eonfiguration a there is a number k{a) such that for all —1 < q < 1 

$a(C) = 

where f is a linear eombination of reduees words with smaller length k— Moreover, 

if k > m + m' is the length of f, and L is the cardinality of a^xH, then 

k{a) > [k — m — m')L . 
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We will give more precise information about C in the next paragraph. 


6.3. Generalized Q-gaussians. As a tool we will use a slight generalization of the von Neu¬ 
mann algebra Tq{B,A ® H). This generalization is based on matrix ™odelso^hj^£)rc^nai^^i^ggj^ 
gaussian von Neumaftn_algebras, ,This„aiXPrQach_was_inY,ented,bVrSpeicher fl FjbilbOp an^ has been 


gaussian von euma|g^ n^alget^ras^^in^ ^ppro^ch^ya^s in-^e^edjjb^^^peicher (I 
applied successively pl TlSl 1^12311^ l2Vj ’m many situations. Let Br : H —)• LP{Q, S, /z) the 

standard brownian motion so that Br[h) is a normal random variable and and {Br{h), Br{h')) = 
{h,h'). The cr-algebra is chosen minimal. This construction is well-known as the gaussian mea¬ 
sure space construction. Given a selfadjoint matrix eij with values {—1,1} there are symmetries 
Vj e M 2 n{C) such that 

ViVj = EijVjVi . 

Speicher’s important idea is to choose the matrix £ij independently at random for all pairs. 
We will work with double indices which are independent as functions of the pairs 

{(j, t), (A:, s)} whenever t ^ s ov j ^ k and satisfy 

n/ 1 \ ^ ~ Qs,t 

= 1) = —^— 

as along as (j, t) 7 ^ {ks) for a given matrix Qs,t- This allows us to construct matrix models 

n 

u{t,h) = {—'^Vj^t^gj{h))n^Y].{M 2 n{C)^L°°{n))n 


i=i 


n,ui 


which satisfy 


T{u{ti,hi)---u{tm,hm)) = E n Qtatc (^a; hf)) . 

cr£P2(m) {a,b}£o-,{c,d}£a,a<c<b<d {a,b}£cT 

In other words the constant term is replaced by the product of the crossing inversions 

weighted according to Q. Indeed, by independence 

Qtatc ~ 

{a^b}Ga,{c,d}£a,a<c<b<d 

for (ji,..., jm) < c- In particular for a fixed t and ||/i|| = 1 the random variable u (j^hjj.^is^ ^t 
an ordm^^^^aussian. This central limit theorem is well-known and goes back to 
also 


IS IE3 


hi Ihuj. se^ 


SpeicherGSM 


We may easily generalize this to the A-valued situation by considering a sequence of symmetric 
independent copies {iTj, B, A, D) and defining 

1 " 

u{t,h,a) = (—j= G) gjjh) 0 ■Kj{a))n £ ]~[(-^ 2 ”(C) 0 L°°(f 2 )( 8 )T>)„ . 

^ j=l n,cj 

For a subset 1 G S' = 5* C A, we denote the von Neumann algebra generated by the elements 
u{t, h,a),t ^ Q,h & H,a & S hy Tq{B, S0H). Then define the von Neumann algebra Tq{B, S® 
H) by the same procedure as in Def. 3.4. A look at the moment formula allows us to state the 
following fact. 

[~^ Lemma 6.4. Let Tq <Z T be a non-empty subset such that Qst = Q for all s,t ^ Tq. Then 
Tq{B, S (81 H) embeds into Tq{B, S ® H) in a trace preserving way. 

W eZeng 

the reduction procedure still works in the generalized Q- 

gaussian setting. 
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interval 


Let us return to a configuration a as in 6.2. above. We replace the Wick words Wq{a,h) 
and Wq{a', h') by new Wick words WQ{a, h) WQ{a' , h') as follows. For a configuration a with a 
partition uoxn of the indices labeled with 0 x H, we define a new matrix 




q if hg and kg are both in 0 x H 
q else. 


Note that the matrix only depends on the first component aoxH of a configuration. For every 
pair p = {I, r} G ctqxh we introduce a label ep and replace hi and h'^ by hi 0 and h'^ ® Cp to 
avoid over-counting. We denote by Hg, H[ the modihed vectors. Starting from 

^Q(q) ^Q{q){^li ' ' ' ^Q(q){^rn) 1 hQ{q) ~ ^Q{q){^m'i ^m') ' ' ' ^Q{q)i^li 

we apply the same reduction procedure (eliminating all the pairs from the non-reduced words 
X(j{h,d)) for the WqS and obtain the reduced Wick words WQ(^q^{H,a), WQ(^q'^{H', a’). 

Lemma 6.6. Fix (JoxH- The function 

F{q) = Y. EM{WQ^q){H,a)CWQ^q)iH',a')) 

a,ai=croxH 

is a polynomial in q with lowest degree at least (|C| — m + m')L and largest degree at most 
(Id + m + m')L. 

Proof. Let a be a configuration which contains ctqxH- Comparing the terms in the moment 
formula for 

T{CWq{h,a)CWq{h',a')) and r(C'TVQ(g)(h, a)ClVQ(g)(/?, a')) 

we see that they differ by the factor number of pairs. Note however, that k{a) only 

depends on a. This implies the assertion. ■ 


6.4. Weak containment. We need a simple fact about polynomials: 

Lemma 6.7. Let [a,b] be an interval, Vd{a,b) the set of polynomials of degree d,and a < to < 
ti < ■ ■ ■ < td < b distinct points. Then the map : Pd{a,b) —)• 4>{f) = f{tj) injective. 

Moreover, there exists a matrix atj such that for every polynomial 


of degree < d we have 


p{t) = Y 

0<k<d 

Oik — ^ ^ Ok.jf {tj) ■ 
3 


Proof. For 0 < j < d we dehne the polynomial Pj{t) = (WijLj (tj ti)) ^ Wijkj ft — ti) which has 
degree d. Then we see that Pjftj) = 1 and Pjfti) = 0 ioi i j. In particular, the polynomials 
{Pj)o<j<d are linearly independent and hence Pd{a,b) = span{pj|0 < j < d}. This implies 

pit) = Y Pi*3)Pjit) 

0<j<d 


and in particular <I> is injective. Since moreover, the monomials are linearly independent in 
Coo{a, b), we see that the linear map 'I'(ao 5 ocd) = ‘^(Sfc 0(ktj) is invertible and can be repre¬ 
sented by the matrix Cj^k = t^-, the well known Vandermonde matrix. Then A = C~^ does the 
job. ■ 
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From now on we fix cr = doxH, Wick words ^ = Wq{H, a), rj = Wq{H', a') which are obtained 
after reduction from possible longer terms Sq{hi,ai) ■ ■ ■ Sq{hm, CLm) and Sq{h'^,, a'^,) ■ ■ ■ Sq{h'^,a'i). 
This allows us to define 

F^{t) = EM{WQ^t){H,3)CWQ^t)iH,a)) 

As in section 6.2. we assume that at least L labels of ^ and r] are of the form (0, hi). 

Corollary 6.8. Fix m,m' and L. Then there exists a degree D = D{m,m', L) such that for 
q G [a, b] and a<ti<---t£)<b<l there are coefficients 7; such that 

em{ccv) = 

cr I ’■ 

holds for k = \C\ > 2(m + m'). Moreover, for some possibly different coefficients 7/ 

EMi^Ch) = EE llFa(ti) 

cr I 

holds for Id < 2(m + m'). 

Proof. We fix a and k > m + m'. Let [a, 6] C (—1,1) be an interval and a = q. The tfs are all 
chosen bigger than a. We define the polynomial Pkit) = ^^F{t) which has degree at 

most {k F m' F m — {k — m — m'))L < (2m + 2m')L and hence 

Pk{t) = ^ ajP and Oj = '^CijPkiU) 

0<j<{2m+2m')L i 

holds for mutually different points a < ti ,..., E b where d < (2m + 2m')L + 1 are independent 
of k. Hence we get 

EM) = = q^’^-^-^'^^^cMPkiti) 

3d 

. . 

^ 3 

This defines the coefficients 7^. For k < 2(m + m') we work directly with the polynomial F{t) 
of degree at most 2{m F rn')L. ■ 

hei M = Tq{B,S®H),M = Tq{B,S(^{H®H)). Define the M-M bimodule FmCL‘^{M) 
as the II • ||2-closed linear span of the reduced Wick words VF(j(xi, ... ,xt,hi,..., h^), N > 1 such 
that hi € H X {0} U {0} x H for all i and at least m of the vectors hi belong to {0} x H. This 
bimodule will play a crucial role in our deformation-rigidity arguments in the next section. 

Theorem 6.9. Let M = Tq{B,S (8) H) and let C > 0,d > 0 be two constants such that the 
dimension of Lf.lM) over B is smaller than Cdf for all k. Let |g| < 1. Then there exists an 
Lq G N and a B-M bimodule JC such that Fi is weakly contained in L 2 {M)®bE for all I > Lq. 

Proof. Let us recall that 

{C^{(M{a(^Bb),a(^B/3) = r{(3*EB{a*Ca)bC) = T{EB{a*ME bM'M) ■ 

Now we may assume that {f,i)i^if. is a basis of dimension dk over B so that 

^A:(C) = and 

M'iM = j;r(c'cd^B(d*c)r/) = ^T(d^B(d*c)^c') 


This implies 
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= mr)- 

Let (?o < 1 so that q/qo < 1. Then we dehne the B — M bimodule 

/C= 0 L\rQ(^t^{B,S^H)) 

q/qo<t<l 

with the natural left and right actions. For fixed r] we choose a = ±q and \q\/qo < to < 

• • - tz) < 6 for some fe ^^L ^This allows us to define Wq( 4 .)(/i,o) and WQ(^^.•^{h',a') in fC. With 
the help of Corollary |Id"sI we deduce that the map ''■((') = > 2 {m+m') ^M{CPk{C)v) satishes 

E E E E 111 {{WQ^t,)iH,S)^ir\\ . 

I k > 2{m+m') i&Ik 

Now we note that 

\\l^BWQ^t,){H',aO\\ = \\WQ^u){H\aO\\L2ir^^,^,) < c{ti) 

and 

Thus it suffices to know that Ylk ™ is hnite. Note here that m and m' depend 

on the Wick word and that we may assume I > Lq. Thusm^°^^< 1 and 6 < 1 is enough to 
achieve summability . flsiiig the second part of Corollary (iB-Sli we also have summability for 
k < 2{m + m'). Lemma Ip. 11 then yields the assertion. ■ 

Corollary 6.10. Let M = Tq(B, SiSiH) and assume that H is finite dimensional and dimB{Dk{S)) 
Cdfi for some constants C,d > 0. Then there exists an B — M bimodule 1C such that for m > 1 
large enough we have Tm ^ ®b 1C. In particular, if B is amenable, then for m large 

enough, J-m is weakly contained into a multiple of the coarse himodule Lfi{M) ® L?‘{M). 
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7. The main theorem and applications 


We first need some preliminaries. Throughout this section we use the notations M = M[H) = 
M = Tq{B,S®{H ®H)) = M{H®H). Let 

M = ®H))y M C. {D®Tq{l^ ® H)y. 

As in Section 5, let 

n C {{L^{M) L^{P)) ® ® H)Y 

be the norm closed linear span of the sequences 

for m > 1, fj e Pi^ 2 i'm),Xi G BSB, hi & H,y ^ M, z G P. Take the representations 

TT : M ^ B{n),9 : P°p -g B{n) 

introduced in Section 5 and define M = tt{M) V 6{P°p) C B{J-i). As seen is Section 5, we choose 
a normal faithful state (p on Bp = Tr{B) V 9[P°p) C B(T-L) and then define a normal faithful state 

i/) on AA by '0 = (/> o Epp, where Epp '■ M —?• Bp is the normal faithful conditional expectation. 

1 

Let G L^(A^) be the density of ip and = d^. Then is the norm closed span of 

the elements 7r{xa)9{y°^)^o, for G M a. Wick word and y G P. Let Wk{M) be the linear 
span of the Wick words of degree k in M and L?‘{Bp) = L‘^{Bp,<p) be the standard form for 
Bp G BpH). Then M is standardly represented on 


by the formulas 


lHM) = 0 Wk{M)L^{Bp) 

k>0 


7i:{xa)9{y‘'P){Tr{xp)9{z°P)^o) = TT{xaXp)9{{zy)°P)^o,Xa,Xp G M,y,z G P. 

The conjugation J : Lp‘{J\f) —)• L?‘{N') associated to the standard representation of M is given 
by 

J{'K{x„)9{y°^)io) = a'l^i{7r{xl)9{y))Co,x„ G M,y G P, 

2 

where af is the modular group on J\f associated to ip. We will also consider JV = M{H) 
constructed in the same way as M by using H = H ® H instead of H. Thus take 

H C ®A L^{P)) ® ® HT 

to be the norm closed linear span of the sequences 

(n"^ i7rpixi)---Trj^{xm)y<^Az)<^Sj^{hi)---Sj^{hm)), 


for m > l,iT G Pi^ 2 i'kn),Xi G BSB, hi G H. Exactly as in Section 5, define the *-representations 

TT : M ^ B{n), 9:P°P ^ Bin) 

and then define Af = 7r(M) V 9{P°^). Then Af is standardly represented on 


L\M) = ^Wk{M)L^{Bp), 
k>0 

and the associated conjugation J' : L‘^{M) —)• L^(AA) is given by the formula 
J{7r{xa)9{y°P)^o) = crtii'^ixl)9{y))^o,Xa G M,y G P, 
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where af is the modular automorphisms group on M associated to ijj. For every angle t dehne 
the unitary Vt on by 

7r(x^(xi,/ii,.. ■ ,Xm,hm))0{y°^)Co 7r{xa{xi, Ot(hi) ot(h 

m mmco- 

Then the one parameter group of *-automorphisms Ad(14) of B{L?‘{J\[)) restricts to a group at 
of *-automorphisms of J\f, acting according to the formula 

at(7r(xcr(xi, hi, ... ,Xm,hm)0{y°^)) = 7r{xaixi,ot(hi),... ,Xm,ot(hm)))^{y°^)■ 

When further restricted to M = Tq(B, S<SiH) this group of *-automorphisms coincides with the 
one introduced in Theorem 3.16 and we have the following identity 

Tt{x) = EM{as{x)),x G M, 0 < s < ^, 

where Tf is the heat semigroup introduced in Theorem 3.16 and t = —ln(cos(s)). We finally 
introduce the bimodules needed in the deformation argument. To do this, recall that M = 
M{H (B H) is the generalized g-gaussian algebra generated by B, Sq{{a,h,0)) and Sq{a,0,h), 
where a £ S runs through the generating set and h £ H are unit vectors. Let F G H he an 
orthonormal basis. Then we define an M — M bimodule J-=rn C Lp‘{M) by 

F=m = spanll'll2{lTo-(/ci, ...,kN,ai, ....,aN')\ki G F x {0} U {0} x F,#{i\ki £ {0} x F} = m} . 

Note that we use reduced Wick words. This means N = |(7s| and the vectors (hi,...,/ ctv) are 
the ones obtained after contracting the pairs. Here a £ Pi^ 2 iFl') and ai, are the original 

coefficients from S. One can see that F=m is exactly the eigenspace of vectors ^ G L?‘{M) such 
that FJ^^QQ^fJ^|{at{C)) = for all (some) t > 0. Likewise we define the M — M bimodule 

F L^(AA) as the || • || 2 -closed span of the elements 

7r{Wa{xi,hi,... ,Xm,hm))d{y''^)^o,Xi £ BSB,hi G F X {0} U {0} x F, 

such that exactly m of the vectors hi belong to {0} x F. It’s easy to see that can be 

described by 

= {C G F2(A')|F^(oeH)(at(0) = > 0} . 

Finally, we set 

Fm = ^ F=m'CL\M) , F^ = 0 cF2(A'). 

m' > m m' > m 

Let’s remark that we have the following transversality property, whose proof is virtually the 
same as that of Prop. 5.1. in HTj 

Lemma 7.1. There exists a constant C = C{m) > 0 such that for 0 < t < 2~^~^ we have 
||Pt^+i(0-ell for all C£ 0 LI{M) G L\M). 

k>m+l 

Theorem 7.2. Let M = Fq(F, S®H) associated to a sequence of symmetric independent copies 
{Trj,B,A,D) and assume that the dimension of Dk{S) over B is finite for every k and that H 
is finite dimensional. Let A G M be a von Neumann subalgebra which is amenable relative to 
B and denote P = MMiA)”. Let m> 1 be fixed. Then at least one of the following statements 
holds: 

(1) The M — M bimodule Fm is left P-amenable; 

(2) there exist t,6 > h such that inia^u(A) ||F)(a )||2 > 5, 

Proof. The approximately invariant states Un £ A/"* constructed in Thm. 5.1 are implemented 
by unit vectors G L‘^{J\f) G L?‘{M). Using the Powers-Stormer inequalities we see that the 
vectors fn have the following properties 
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(1) {7r{x)^n,Cn) ^ t{x),X £ M] 

( 2 ) \\7r{a)d{a)^n - ^n\\ ^ 0,a £U{A); 

(3) \\TT{u)9{u)jTT{u)9{u)J^n “ 'Cn|| 0,U G Mm{A). 

Let : L‘^{M) —)• be the orthogonal projection. We have the following alternative: 

Case 1. For every non-zero projection p E Z{P) and for every t > 0 we have 

limsup ||e-^Vj7r(p)^„|| > 

n oO 

We will prove that in this case the M — M bimodule J-m is left P-amenable. 

Lemma 7.3. Let X be the the strong operator topology completion of J-m os a right M-module 
with respect to the M-valued inner product {x,y) = EM{x*y),x,y G Fm- Let C{X) he the von 
Neumann algebra of adjointable operators on X. Then there exists a normal *-homomorphism 
^ : C{X) B{L‘^{FP)) such that ^{C{X)) c B{L‘^{F^)) n (W°p)' n {9{P°p))'. 

Proof. The condition (Pl.^jl nil implies that = X ®m L^ [M) , where the left action on J\f is 
that of 7r(M). Therefore the map T : C{X) — B{F^) given by 

C{X) id£B{F^) 

is a well-defined normal ^-homomorphism. Let us consider a rank one operator r) £ L,{X) 
with p Wick words in M. Then we calculate 

'^{f^v){Tr{xa)9{y°P)^o) = Tr{f,)TT{EM{p*x„))9{y°P)f,Q . 

Let ej\f be the orthogonal projection of M onto the closure of Mfo, which exists thanks to the 
fact that E-^^ is faithful, see Remark Then we note that for x^ £ M we have 

{TT{EM{v*Xa)9{y°P)fo,xay°^fo) = ip{9{y°P)*9{y°P)E§^{xlxa)) 

= mrn*9{y°n{Kim °E^iM)mx^)) = {<EMiv*x^))9{y°p)^oFixa)9irnco) ■ 

This shows that 

7r{EM{v*x^))9{y°P)^o = eAr(vr(r/*x<^)(9(y°P)^o) • 

Thus we deduce that for all the rank one operators f, ^fj £ C{X) 

^{f, ® P') '^7r(5)®A/’'^'7r(»7*) 

is a right AA-module map, hence belongs to B{L‘^{F^)) H {N°p)'. It’s also trivial to check that 
T(^(8)r/) commutes with the operators Lgf^yopp for all y £ P. Since T is normal and the linear span 
of the rank one operators is so-dense in C{X) we have T(£(X)) C B{L‘^{F^))ri{Af°Pyri{9{P°P)y, 
as desired. ■ 

The lemma provides a normal *-homomorphism 

T : B{Fm) n {M°Py -£ B{F^) n {9{P°p) V Jtt{M)J V J9{P°P)jy 

such that T(A(x)) = 7r(x) for x £ M, where A isJdm^atural left action of M on L?‘{M). From 
this point on, the proof proceeds verbatim as in . proof of Case 1 in Thm. 3.1. 

Case 2. There exist a non-zero central projection p £ Z[P) and t > 0 such that 

limsup ||e-^Vj7r(p)Cn|| < 

n 

In this case we prove that there exist > 0 such ||rs(a )||2 > 6 for all a £ hl{A). Write 
7r(p)?n = Cn+r/n, where Cn G ©fc<m hn £ ©fc>m+l-^^i(AA). Note that ||Cn|| < 1, \\pn\\ < 1. 
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Since Vt converges uniformly on (0fc<mthere exists a to > 0 such that for 0 < s < to 
we have 

/or j£(04{A/)),. 

k<m 

Fix 0 < s <min{t™''''^, to, t^"''^, For every n > 1 we have the following estimate: 

\\ys'^{p)^n - '^{P)^n\\ < IlKCn “ Cn|| + \\Vs7Jn “ VnW < + ||14l7n “ VnW < 

o 

^ + C\\e^Vm+^,Vn\\ < ^ + C\\e^Vm+^Mp)^n\\ + C\\e^Vm+^M\ < 

^ + C\\e^Vr.+.^,-K{p)U\ + C\\e^{Vm+,^,Qn - Cn)|| + C^||e^Cn|| < 

^ + C\\e^Vr.+^,-K{p)U\ + C||^^+^Cn - CnII < ^ + C\\e^Vt7:{p)UV 

Taking limsup with respect to n we obtain 

limsup \\VsTTip)^n - vr(p)Cn|| < 

n o 

n l 

proof of Case 2 in Thm. 3.1. ■ 

Corollary 7.4. Let M = Tq{B, S ® H) and let A G M be a von Neumann subalgebra which is 
amenable relative to B. Assume that there are constants C,d > 0 such that dimB{Dk{S)) < Cd^, 
for all k > 1 and that dim{H) < oo. Let P = J\fM{A)". Then at least one of the following 
statements is true: 

(1) A <M B; 

(2) P is amenable relative to B. 

In other words, M = Tq(B, S ( 8 ) H) is strongly solid relative to B. 

Corollary 7.5. The following von Neumann algebras are strongly solid relative to B: 

(1) B®Tq[H), for H a finite dimensional Hilbert space; 

(2) Tq{B,S ® H) associated to the symmetric independent copies {iTj, B, A, D), where B = 
N0L{Z), A = N xHi, D = N xH, H = {gj : j >0) is the Heisenberg group, Hi = (gi), 
S = {1, gi, gf^} and H a finite dimensional Hilbert space - the examples constructed in 
4.3.2.; 

(3) Fq(C,5 ( 8 ) K) associated to the symmetric copies {'Kj,€.,Tqq{H),Tq[i‘^ (8 H)), where 
7rj{sqq{h)) = Sq{ej®h) and K is a finite dimensional Hilbert space -these are the examples 
in 4-4A. or ’’the colored brownian motion”; 

(4) Fq(L(S[_^ 01)5 *5' ® H) associated to the symmetric copies {-kj, B^i, A^, D^), where B^ = 
LiP-i-dfl]), D = and S = {l,U(oi)} for a fixed d G N - these 

are the examples in 4-4-^3 

(5) Tq{B,S®H) associated to the symmetric copies {iTj, B, A, D), where D = <^^{B®L{Z)) 
or D = *b{B 0L(Z)), the j-th copy of L(Z) is generated by the Haar unitary Uj, A = 
B^{uiy', the copies Hj are defined by 'Kj{h®ui) = b ® Uj and S = - the 

examples in 4-4A. 

In particular, the examples in (3), (4) and (5) are strongly solid and a fortiori, solid von Neu¬ 
mann algebras. 
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Corollary 7.6. Let Mi = Tq^{Bi, Si ® Hi) he associated with two sequences of symmetric inde¬ 
pendent copies {ttj, Bi, Ai, Di) and two subsets Si C Ai, i = 1,2 and —1 < qi,q 2 < 1- Assume 
that dimBi{D\{Si)) < Cdf for some constants C, d > 0, 2 < dim{Hi) < oo and Bi are amenable, 
for i = 1, 2. Then if Mi C M 2 , it follows that Bi -<m 2 ^ 2 - U moreover Mi = M 2 = M, then we 
have Bi -<m B 2 and B 2 -<m Bi. 

Corollary 7.7. With the notations and assumptions of Cor. 7.6. above, if we moreover assume 
that 

(1) Bi is finite dimensional and B 2 is amenable diffuse, or 

(2) Bi is abelian and B 2 is the hyperfinite IIi factor, 

then Ml = (g) Hi) and M 2 = Tq. 2 {B 2 ,S 2 ® H 2 ) (for —1 < qi,q 2 < Ij are not *- 

isomorphic. In fact, M 2 does not even embed into Mi, i.e. cannot be realized as a von Neumann 
subalgebra of Mi. Consequently, none of the examples in items (1) (for diffuse B) or (2) in 
Cor. 7.5. above can be *-isomorphic to, or even embed into, any of the examples in items (3), 
(4) or (5) of the same corollary. 
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